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ON EXCEPTIONAL ENRIQUES SURFACES
TORSTEN EKEDAHL AND N. I. SHEPHERD-BARRON
Abstrat. We give a omplete desription of all lassial (Z/2) Enriques surfaes
with non-zero global vetor elds. In partiular we show that there are suh surfaes.
The obtained result also applies to supersingular (α2) Enriques surfaes fullling a rather
speial ondition. During this lassiation we study some properties of genus 1-brations
speial to harateristi as well as make a lose study of the genus 1-bration on the surfaes
that we lassify.
Whether or not a lassial Enriques surfae may have non-zero global vetor elds is a question
of great interest to for instane the deformation theory of Enriques surfaes. In [SB96℄ it was
laimed that this may never happen. There is however an error in the proof and we shall see
that the truth is the opposite; there does indeed exist lassial Enriques surfaes with non-zero
global vetor elds. It turns out that a ondition that in the ase of a lassial Enriques surfae
is equivalent to having a non-zero global vetor eld is of interest also in the non-lassial ase;
we shall all surfaes fullling that ondition exeptional (see (0.3) for the preise denition).
Our main result is formulated in the following Theorem. In it the ondutrix is a spei divisor
whose support is the image of divisorial part of the singular lous of the anonial double over.
We shall say that an exeptional surfae is of type Γ if the support of the ondutrix forms a
Γ-onguration. (For the preise denition of the ondutrix as well as the denition of the
graphs Tp,q,r and the notion of Γ-onguration, see the preliminaries). Let us also agree to say
that a genus 1 bration on an Enriques surfae is speial if it has a 2-setion of (arithmeti)
genus 0 (it always has a 2-setion of genus 0 or 1). A 2-setion of genus 0 will also be alled
speial. (Classially surfaes with suh a penil are alled speial. It is alled a degenerate U-pair
in [CD89℄.) Suh a 2-setion will also be referred to as a speial 2-setion.
Theorem A Let X be an Enriques surfae in harateristi 2.
i) X is exeptional preisely when its ondutrix forms one of the following ongurations
with the indiated multipliities.
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In partiular, an exeptional surfae is of type T3,3,3, T2,4,5, or T2,3,7.
ii) X is exeptional if and only if it admits a speial genus 1 bration with a double bre of
type E˜6, E˜7, or E˜8. It is then of type T3,3,3, T2,4,5, or T2,3,7 respetively.
iii) X is exeptional if it admits one of the following genus 1-brations:
• A quasi-ellipti bration with a simple E˜7-bre, X is then of type T3,3,3.
• A quasi-ellipti bration with a simple E˜8-bre, X is then of type T2,4,5.
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The main part of the argument onsists of a rather detailed study of what happens to bres
of genus 1-brations under pullbak by the Frobenius map on the base of the bration (in
harateristi 2) whih may be of independent interest. The denition of exeptional Enriques
surfae is given by a simple ondition on the ondutrix but we also give the following elaboration
of that ondition.
Theorem B An exeptional Enriques surfae is either a Z/2- (lassial) or an α2-surfae
(supersingular). A Z/2-surfae is exeptional preisely when it has global vetor elds and
then the dimension of the spae of global vetor elds is 1. An α2-surfae is exeptional preisely
when the up produts of all elements of H1(X,OX) and all elements of H0(X,Ω1X) are zero.
Both ases our.
Remark: The presene of vetor elds on a Z/2-surfae is learly making its deformation theory
pathologial. We shall show elsewhere that an Enriques surfae is exeptional preisely when
a versal deformation of it as unipotent Enriques surfae (a notion that in the point ase is
equivalent to being a Z/2- or α2-surfae) is singular.
We then go on to disuss the lassiation of exeptional surfaes (and show in partiular
that all three types exist for Z/2-surfaes as well as for α2-surfaes) and give a desription of all
genus 1-brations on them. This desription is somewhat ompliated in the ase of exeptional
surfaes of type T3,3,3; in that ase we need to distinguish between surfaes of dierent MW-rank,
whih by denition equals 8 −∑s n(s) − 1, where s runs over the bres of the unique ellipti
penil on X and n(s) is the number of irreduible omponents of s. (The MW-rank is also the
rank of the Mordell-Weil group of the Jaobian of the generi bre of the penil, hene justifying
the name.)
Theorem C i) An exeptional Enriques surfae of type T2,3,7 has a unique genus 1-bration
whih is quasi-ellipti.
ii) An exeptional Enriques surfae of type T2,4,5 has two or three genus 1-brations all of
whih are quasi-ellipti.
iii) An exeptional Enriques surfae of type T3,3,3 has a unique ellipti bration. There are
quasi-ellipti brations, whih are arranged in triples; the set of triples is a torsor under a disrete
group, whih is trivial if the MW-rank is zero, Z if the MW-rank is 1, and the Coxeter group of
A˜2 if the MW-rank is 2. Eah quasi-ellipti bration appears in 1 or 2 of these triples.
Note that we also give a desription (see Theorem 4.7) of the −2-urves on an exeptional
surfae.
Remark: The proofs of Theorems A and B will be found on page 23 after the proof of Lemma
4.1 and the proof of Theorem C on page 32 after Proposition 4.6.
A substantial part of this paper onsists of a somewhat tedious enumeration of the possibilities
for various integer weightings of Dynkin diagrams. It would ertainly be possible (and was at one
point done by us in the quasi-ellipti ase) to ut down on the size of the proofs by performing
these enumerations mehanially on a omputer. However, we feel that the urrent proofs and
their use of the notion of admissible weightings gives a rather strong indiation as to why the
list of possible weightings is as small as it atually is; as the proof of Proposition 1.5 shows, the
admissible weightings fulll a rather strong extremality ondition. A mehanial enumeration on
the other hand gives no suh indiation. (Also the soure ode for suh an enumeration would
be rather long  though only repetitions with small modiations of a rather short template 
and hene error prone.)
Conventions: To simplify announements we shall assume that the base eld of all our varieties
is, unless expliitly laimed otherwise, algebraially losed of harateristi 2.
We shall name the types of Enriques surfaes in harateristi 2 after the type of their
Picτ , the orrespondene with another established terminology is that µ2-surfaes are also alled
singular, Z/2-surfaes lassial and α2-surfaes supersingular. In this artile we shall exlusively
be interested in the α2- and Z/2-ase and shall refer to suh a surfae as a unipotent surfae.
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We shall use the extended Dynkin diagram notation for the bres of a minimal genus bration
(over a 1-dimensional base): If the omponents of the bre form a normal rossing divisor we
use the diagram that is the dual graph of the bre. When the bre is irreduible we denote it
by A˜0, A˜
∗
0, and A˜
∗∗
0 as it is smooth, nodal, or uspidal respetively. When it onsists of two
non-transversal omponents we use A˜∗1 and if it has three omponents meeting in one point we
denote it by A˜∗2. In the A˜
∗
2 ase we shall by a slight abuse of language speak of A˜2 as the dual
graph of the bre and we shall say that in that ase, as in the ase when the bre is a normal
rossing divisor that the bre has a dual graph. It is lear that when the bre has a dual graph,
the intersetion matrix of the omponents of the bre is indeed desribed by its dual graph. Note
also that starting after Proposition 0.4 an Enriques surfae will, unless otherwise mentioned, be
assumed to be unipotent.
The E-series of (extended) Dynkin diagrams are also graphs of type T∗,∗,∗ (f. [CD89, p. 105℄)
and we shall freely pass bak and forth between the two notations.
Preliminaries
Our rst preliminary result will be stated in far greater generality than will atually be needed.
Lemma 0.1 Let π:X → S be a proper map of relative dimension ≤ n with S an ane
noetherian sheme. Suppose that Hn(X,OX) 6= 0 and that this is false for any proper losed
subsheme of X . Then
i) H0(X,OX) is a eld and
ii) OX ontains no non-zero subsheaves of support of relative dimension < n.
Proof: By assumption Hn(X,−) is right exat on quasi-oherent sheaves. Let 0 6= λ ∈ R :=
H0(X,OX) and let Xλ be the losed sub-sheme dened by λ so that we have an exat sequene
OX λ−→ OX → OXλ → 0. By right exatness we get an exat sequene Hn(X,OX) λ−→
Hn(X,OX) → Hn(X,OXλ) → 0. As Xλ is a proper subsheme we have by assumption that
Hn(X,OXλ) = 0 and so multipliation by λ is surjetive. Now asHn(X,OX) is nitely generated
over Γ(S,OS) and thus nitely generated over R and non-zero, it has a non-zero quotient killed
by some maximal ideal m of R. Multipliation by any non-zero λ ∈ m would then be surjetive
as well as zero on this quotient. Hene m = 0 and we get that R is a eld. As for ii) the losed
subsheme of X dened by suh a subsheaf has the same Hn(−,O−) as X does and hene the
subsheaf is zero by assumption.
We shall need the following quite speialised result in order to relate the existene of non-zero
global vetor elds on a Z/2-surfae to genus 1-brations.
Lemma 0.2 Let D be an eetive divisor on an Enriques surfae X for whih h0(X,O(D)) = 1
and h1(OD) 6= 0. Then D ontains a half-bre of a genus 1 bration.
Proof: We begin by noting that, by Riemann-Roh and the assumption h0(X,O(D)) = 1, D
ontains no subdivisor of stritly positive self-intersetion. We start by proving that D ontains
a half-bre. For this it is enough to prove that D ontains a subdivisor of self-intersetion 0 as
then by, e.g., [CD89, Thm. 3.2.1℄ it ontains a half-bre or a bre but a bre is exluded by the
ondition h0(X,O(D)) = 1.
By lemma 0.1 and noetherianity there exists an eetive divisor E ⊆ D whih is minimal for
the ondition that h1(O−) 6= 0 and we have, again by the lemma, that h0(OE) = 1. This gives
χ(OE) ≤ 0 and thus, by Riemann-Roh, that E2 ≥ 0 and as stritly positive self-intersetion
was impossible we onlude.
We shall be interested in a partiular divisor on an Enriques surfae to whih we shall have
oasion to apply the previous lemma. We reall that if S is a Gorenstein sheme, X and Y degree
2 at S-shemes and π:Y → X a nite birational S-map then to begin with, and irrespetive
of S, we have the ondutor ideal IC ⊆ OX of π whih is the maximal ideal in OX whih is
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also an OY -ideal. As X and Y are Gorenstein shemes, IC is an invertible ideal. However,
under the stated assumptions there is a anonial eetive Cartier divisor A on S suh that the
IC is the pullbak of −A. In fat we have exat sequenes 0 → OS −→ OX −→ L → 0 and
0 → OS −→ OY −→ L′ → 0 where L and L′ are line bundles and π indues an injetive map
OX → OY whih in turn indues an injetive map L→ L′ giving a Cartier divisor on OS . The
proof follows from standard duality theory using that ωX/S = OX
⊗
L−1 and ωY/S = OY
⊗
L′−1.
We shall all this Cartier divisor the ondutrix of the S-map π.
In the partiular situation when S is an Enriques surfae, X its anonial double over, and
Y its normalisation we shall, by a small abuse of language, speak of the ondutrix of S. Twie
the ondutrix will also play an important rle in what is to follow and we shall all it the
bi-ondutrix.
If instead we have a genus 1 bration π:X → S in harateristi 2 with S 1-dimensional and
X and S regular then we get a map π′:X ′ → S whih is the pullbak of π by the Frobenius
map on S and the normalisation map ρ: X˜ → X ′. The ondutrix of π is then by denition the
ondutrix of ρ. This leads to a small ambiguity for a genus 1 penil on an Enriques surfae as
we have then the ondutrix of the surfae and of the penil. This should ause no onfusion
however (and is no formal ambiguity as the two ondutries are assoiated to two dierent
objets).
In the Enriques surfae ase the following somewhat mysterious-looking ondition on the
bi-ondutrix will be of great importane in what will follow.
Denition 0.3 An Enriques surfae will be alled exeptional if H1(B,OB) 6= 0 where B is
the bi-ondutrix.
Our rst result exludes most Enriques surfaes from being exeptional.
Proposition 0.4 A non-unipotent Enriques surfae (in partiular all suh surfaes in hara-
teristi dierent from 2) has empty ondutrix. In partiular it is not exeptional.
Proof: When the anonial double over is étale the double over is normal and hene the
ondutrix is empty. This is the ase (preisely) when the surfae is not unipotent.
In view of this proposition we shall from now make the blanket assumption that unless
otherwise mentioned all our Enriques surfaes are unipotent.
We now ollet some properties of the ondutrix inluding an unfolding of the meaning of
exeptionality in the Z/2-ase.
Proposition 0.5 Let X be an Enriques surfae, A its ondutrix, and B its bi-ondutrix.
i) The bi-ondutrix is the divisorial part of the zero-set of any non-zero global 1-form.
ii) We have h0(OX(B)) = 1. In partiular the ondutrix an not ontain a bre or half-bre
of a genus 1-bration.
iii) Assume that the ondutrix is non-zero. Then it is 1-onneted and all eetive sub-
divisors of it have stritly negative self-intersetion. Furthermore, A2 = −2 and the normalisation
of the anonial double over has either 4 ordinary double points as singularities or one rational
double point of type D4.
iv) The minimal resolution of the normalisation of the anonial double over has h01 = 0.
v) X is exeptional i B ontains a half bre of some genus 1-bration.
vi) If X is a Z/2-surfae then X is exeptional if and only if it has a non-trivial global vetor
eld. In any ase h0(X,TX) ≤ 1.
vii) If X is an α2-surfae then X is exeptional preisely when the up produt
H1(X,OX)
⊗
H0(X,Ω1X)→ H1(X,Ω1X)
is zero.
Proof: Consider the universal (Picτ )∨-torsor Z → X and its normalisation Z˜ → Z. Then we
have an exat sequene
0→ OX −→ π∗OZ˜ −→ ωX(A)→ 0,
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where π: Z˜ → Z is the struture map. Reall that the map f 7→ df2 from π∗OZ˜ to OX indues
an injetive map OX(B) ∼= F ∗(ωX(A)) → Ω1X and it is saturated as Z˜ is normal. This shows
that B is the divisorial part of the zero-set of a 1-form and as h0(Ω1X) = 1 the same is true for
any non-zero 1-form. We also get an exat sequene
0→ OX(B) −→ Ω1X −→ IWωX(−B)→ 0, (0.6)
where W is a zero-dimensional subsheme whih is non-empty if B = 0 as is seen by omputing
Chern lasses. From the fat that h0(Ω1X) = 1 we then get h
0(OX(B)) = 1.
By [CD89, Prop. 3.1.2,Thm. 3.2.1℄ any eetive divisor C with C2 ≥ 0 has h0(O(2C)) ≥ 2.
Hene, we have A2 < 0 if A 6= 0. On the other hand, if A > 0 then Z˜ is rational and if A = 0
then already Z is normal and h1(OZ) = 0 and h2(OZ) = 1. From the lassiation of surfaes
and the fat that χ(O−) dereases under resolution of singularities we get that χ(OZ˜) is 1 or
2. As also χ(OZ˜) = χ(OX) + χ(O(A)) = A2/2 + 2 we see that A2 ≥ −2 and hene either
A = 0 or A2 = −2. As h1(O) for a normal surfae an only inrease under desingularisation we
see that h1(OY ) = 0 if it is rational. In the other ase A = 0 and then we have already seen
that h1(OY ) = 0. Finally assume that A an be written as a sum C +D of eetive non-zero
divisors. We have that C2, D2 < 0 as otherwise 2C or 2D would move and so would B and thus
C2, D2 ≤ −2 as they are even. Hene, −2 = A2 = C2 + 2C ·D+D2 ≤ −4 + 2C ·D whih gives
C ·D > 0.
As we know that A2 = −2 we may ompute the order of the zero lous of the harateristi
map OX(2A)→ Ω1X using Chern lasses (and the fat that the zero set is isolated) and the result
is 12 + (2A)2 = 4. Now, at a singular point of the Z˜ we may write the ompletion of the loal
ring as k
[
[x, y, z]
]
/(z2 − f(x, y)) with f ∈ m2(x,y) and the order of the zero lous at that point
is the dimension of k
[
[x, y]
]
/(f ′x, f
′
y). A simple alulation shows that either the quadrati part
of f ontains xy in whih ase the singularity is an ordinary double point or the ubi part is a
square free ubi polynomial in whih ase the singularity is a D4-singularity or the dimension
is stritly greater than 4. As the order of the zero lous is the sum of the loal orders at singular
points we get either four ordinary double points or one D4-point.
As for v) any eetive subdivisor D′ of an eetive divisor D on X with h1(OD) = 0 has
h1(OD′) = 0 by right exatness of H1(D,−) on quasi-oherent sheaves whih gives one diretion.
The other diretion follows from lemma 0.2.
To ontinue we notie that by duality, H1(B,OB) 6= 0 is equivalent with H0(B,ωB) 6= 0.
Furthermore we have the standard exat sequene
0→ ωX −→ ωX(B) −→ ωB → 0. (0.7)
In the Z/2-ase we exploit the short exat sequene
0→ ωX(B) −→ TX −→ IWO(−B)→ 0,
whih is dual to (0.6). From it it follows that if H0(TX) 6= 0 then H0(ωX(B)) 6= 0 but
H0(X,ωX) = 0 and we onlude by the long exat sequene assoiated to (0.7). This proves vi).
As for vii) assumeX is an α2-surfae. We start by notiing that asH
1(X,OX) andH0(X,Ω1X)
are 1-dimensional, the up produt is zero preisely when the up produt of two non-zero
elements is. Thus let β be a non-zero element of H1(X,OX) and η a non-zero element of
H0(X,Ω1X). By (0.6) and the fat thatW 6= 0, η is the image of some η′ ∈ H0(X,O(B)) and thus
ηβ is the image of η′β. Now, again by (0.6) and the fat thatW 6= 0 we get that H1(X,O(B))→
H1(X,Ω1X) is injetive so that ηβ is zero preisely when η
′β is. Now as we have just showed
that h0(OX(B)) = 1, we may assume that η′ in turn omes from 1 ∈ H0(X,OX) under the
inlusion of (0.7). Thus η′β is the image of β under the map H1(X,OX) → H1(X,O(B)).
As ωX is trivial (X being an α2-surfae), the inlusion map OX →֒ O(B) is isomorphi to the
inlusion ωX →֒ ω(B). It follows from (0.7) and that h0(ωX) = h0(ω(B)) = 1, that the map
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H1(X,ωX) → H1(X,ωX(B)) is zero preisely when h0(ωB) 6= 0, whih as we have notied is
equivalent to X being exeptional.
We need to keep areful trak of what happens with −2-urves on an Enriques surfae when
taking their inverse images in the normalisation of the anonial double over. However, we shall
also want to work with a genus 1-bration over a disrete valuation ring so that we shall work
with general surfaes by whih we shall mean a 2-dimensional Noetherian sheme. Reall that
for a double over π:Y → X of surfaes, with X regular and Y normal a resolution of Y may
be obtained by suessively blowing up X in the points below singular points of Y and taking
its normalisation in k(Y ). This blowing up of X , whih is uniquely determined by π, will be
referred to as the minimal dissolution of π. When Y has only rational singularities, the result is
the minimal resolution of Y (but in general the resolution may not be minimal). By denition a
−2-urve on X will be a smooth proper genus 0-urve with self-intersetion −2 (and hene with
zero intersetion with the anonial divisor).
Denition-Lemma 0.8 Let X be a regular surfae in harateristi 2 and π:Y → X an
inseparable at double over with Y normal and ρ: Y˜ → Y the normalisation of the minimal
dissolution of π. Let A be the line bundle (π∗OY /OX)−1 of π and E a −2-urve on X . We
assoiate the following invariants to E, where E˜ is the irreduible urve in X˜ mapping surjetively
to E, whih we shall the strit inverse image.
1. The degree s of ρ ◦ π: E˜ → E. This number is 1 or 2.
2. The number r of points (inluding innitely lose points) on E that are blown up during
the minimal dissolution of π.
3. The intersetion number A ·E.
4. The self intersetion E˜2.
5. The genus g of E˜.
i) We have the relations E˜2 = (−2− r)s2/2 and 2g − 2 = (−2− r)s2/2− sA · E.
ii) When (A,E) ≥ −2 the possible values for these invariants are given by the following table
r s (A,E) E˜2 g
0 1 1 −1 0
0 2 −1 −4 0
2 1 0 −2 0
4 1 −1 −3 0
6 1 −2 −2 0
1 2 −2 −6 0
We shall say that E is of self-intersetion type E˜2.
iii) If two −2-urves on X meet transversally then either their s-invariants are dierent, s = 2
for both of them and their strit inverse images on X˜ meet non-transversally, or s = 1 for both
of them and their strit transforms do not meet on the minimal dissolution of π. In the last ase,
their r-invariants are positive.
Proof: The relation E˜2 = (−2− r)s2/2 follows diretly from the fat that the self-intersetion
goes down by one when a point on a urve is blown up and the fat that 2/sE˜ = π
′−1E′, where
E′ is the strit transform of E on the minimal dissolution and π′ is the map to X from X˜ . The
seond relation follows from the rst, the adjuntion and projetion formulas and the fat that
ωY/X = π
∗(OX(−A)).
As for the table we may ertainly assume that A 6= 0 as it is obvious if E is not ontained in
A. Furthermore, if s = 1 then E˜ maps birationally onto E and hene g = 0. Using this together
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with the fat that generally g ≥ 0 (as E˜ is integral) and the formula 2g−2 = (−2−r)s2/2−A ·E
the table is easily established.
If the strit transform on the minimal dissolution of the two urves are E1 and E2 and π˜ is
the map from X˜ to the minimal dissolution then we have 2(E1 ·E2) = (2/s1)(2/s2)(E˜1 · E˜2) and
as E1 ·E2 is 0 or 1 this immediately gives the last statement.
We shall need the following extension of a result of Shepherd-Barron.
Lemma 0.9 Let X be a Z/2- or α2-Enriques surfae, ρ: X˜ → X its anonial double over and
π:X → P1 a genus 1-bration on X .
i) ρ fators through the pullbak XF of π by the Frobenius map on P
1
. The map X˜ → XF
is an isomorphism outside of the double bres of π.
ii) The restrition of ρ to a half bre is non-trivial.
Proof: For the rst part the ase of a Z/2-surfae is [SB96, Lemma 1.7℄ (but we shall indiate
how also that ase ould be treated) so we may assume that X is an α2-surfae. We rst laim
that the restrition of the anonial double over to a simple bre F is trivial. Indeed, H0(F,OF )
equals the base eld k so it sues to show that the map H1(X,OX)→ H1(F,OF ) is zero but
this follows immediately from the long exat sequene of ohomology assoiated to
0→ O(−F ) −→ OX −→ OF → 0
and the fat that h1(O(−F )) = 1. (In the Z/2-ase the triviality is even simpler as ωX is
isomorphi to the line bundle assoiated to the divisor that is the sum of the two half bres
minus twie a bre whih is visibly trivial when restrited to a bre.) Consider now the ane
algebra ρ∗OX˜ and its push down A := π∗ρ∗OX˜ to P1. As its restrition to any simple bre is
a trivial vetor bundle we get that A is a rank 2 vetor bundle on P1. On the other hand, the
short exat sequene 0→ OX −→ ρ∗OX˜ −→ OX → 0 indues a long exat sequene
0→ OP 1 −→ A −→ OP 1 −→ R1π∗OX
and as A has rank 2 the image of the boundary map is torsion. Now the torsion of R1π∗OX
has length 1 so we get that A/OP1 is isomorphi to OP1 or OP1(−1). The rst possibility is
exluded as H0(P1,A) = k and thus A = OP1
⊕OP1(−1) and hene SpecA is obtained by
taking a square root of homogeneous polynomial of degree 2 (the same onlusion is easier in the
Z/2-ase as R1π∗OX is torsion free and π∗ωX = OP1). Up to isomorphism there are only two
suh overs, trivial and the Frobenius map. The trivial over is exluded as A is redued (as X˜
is) and so π ◦ ρ fators through the Frobenius map on P1. Finally, the map π∗A → ρ∗OX˜ is an
isomorphism outside of the double bres.
As for the seond part, the ase of a Z/2-surfae is well-known. Consider therefore an α2-
surfae and let F be the half-bre. We onsider again the long exat sequene assoiated to
0→ O(−F ) −→ OX −→ OF → 0.
This time h1(O(−F )) = 0 and so the map H1(X,OX) → H1(F,OF ) is injetive whih is what
is needed.
Denition 0.10 Let X be a smooth and proper surfae and Γ a graph. By a Γ-onguration
on X we shall mean a olletion of urves of genus 0 and self-intersetion −2 any pair of whih
has intersetion 0 or 1 and a bijetion between its members and the verties of Γ suh that two
urves interset i the orresponding verties are onneted in Γ.
Finally, we reall (f. [CD89, p. 105℄) that the graph Tp,q,r onsists of a vertex of degree 3
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and three arms with p, q and r verties (inluding the entral vertex):
• • ____ • • • ___ • •
•
•




•
1 Genus 1 brations and admissible weightings
Denition 1.1 Let Γ be a simply laed extended Dynkin diagram (i.e., of type A˜n, D˜n, or E˜n).
i) A vertex root of the diagram is a root assoiated to a vertex of Γ, these verties forming
a basis for the root lattie. (We shall follow the geometri onvention for whih the square of
a vertex root is −2.) An edge root of Γ is a root whih is the sum of the two verties adjaent
to an edge of Γ. The Kodaira-Néron yle is the unique positive primitive linear ombination of
vertex roots of square 0.
ii) If an element of the root lattie is a positive linear ombination of the vertex roots yet is
not a sum of the Kodaira-Néron yle and another positive linear ombination of vertex roots
then the element is redued. If an element m of the root lattie is written as a sum of a redued
element and an integral multiple of the Kodaira-Néron yle we say that the redued element is
the frational part of m (it is learly unique).
Reall, that the extended Dynkin diagram is obtained from the non-extended one by attahing
one new vertex to the original diagram. We shall all this vertex the attahed vertex. Note
furthermore that the attahed vertex appears with multipliity 1 in the Kodaira-Néron yle and
that up to automorphism of the extended diagram it is the only suh vertex.
As we are going to make a lot of referene to the Kodaira-Néron yle let us reall its form:
For A˜n it is just them sum of all the vertex roots. For D˜n the vertex roots of the verties of
degree 1 appear with multipliity 1 and all other vertex roots with multipliity 2. For the E
series the multipliity is given by the following diagrams:
s
1
s
2
s
3
s2
s
2
s
1
s1
s
1
s
2
s
3
s
4
s2
s
3
s
2
s
1
s
2
s
4
s
6
s3
s
5
s
4
s
3
s
2
s
1
Our rst use of this information is the following lemma.
Denition-Lemma 1.2 For eah simply laed extended Dynkin diagram Γ let E be the sum
of the edge roots with the following multipliities:
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s✑✑1
s 1 s 1 s 1 s✑✑1
s
◗
◗1 s
◗
◗1
s 1 s
◗
◗
1 s
✑
✑ 1s
1
s◗◗1
s✑✑1
s
s
1
s
1
s1
s
1
s
1
s
1
s
s
1
s
1
s
2
s2
s
2
s
1
s
1
s
s
2
s
2
s3
s
3
s
2
s
2
s
1
s
1
s
Then the Kodaira-Néron yle F an be written in form 1/n(E − V ) where n = 1 exept in
the A˜m ase where it is 2, and E is zero if Γ equals A˜n or E˜6, the sum of the two degree 3 vertex
roots when it equals D˜n, n ≥ 5 and twie the degree ≥ 3 vertex root in the D˜4 and E˜n, n = 7, 8
ases. We shall all E the exess yle and the multipliity with whih an edge appears in it its
exess multipliity.
Proof: A simple veriation.
Let us onsider an integral weighting (or weight) w of a simply-laed extended Dynkin diagram
Γ (i.e., a funtion from the set of verties to the integers). We extend the weight linearly to the
root lattie. The exess of an edge wrt w is minus the value of w on the orresponding edge
root. Minus the value of w on the exess yle will be alled the exess of w. If the exess of an
edge is > 0 we shall say that the edge is exessive. Finally, the value of w on the Kodaira-Néron
yle will be alled the bre weight of the weight. We shall say that w is admissible if:
1. The weights of all the verties is ≤ 1.
2. The exess of all edges are ≥ 0.
3. The bre weight of w is 0, 1, or 2.
4. A vertex of weight 0 is adjaent to at most two other verties of weight 0.
5. There is an element u in the root lattie suh that w(v) ≥ (v, u) for all verties v, where
(, ) is the standard (negative denite) salar produt on the root lattie. If suh a u exists
its frational part will also work (as the Kodaira-Néron yle lies in the radial) and hene
u may and will be assumed to be redued.
6. If the bre weight of w is 2, then any vertex that appears with multipliity 1 in the
Kodaira-Néron yle does not appear in this redued u.
The redued u will be alled a representing element and the weight w′ given by w′(v) := w(v)−
(v, u) will be alled the omplement of u (with respet to w of ourse). The fth admissibility
ondition then fores the omplement to take non-negative values on the vertex roots. For an
admissible weight we all an edge of exess > 0 exessive. For a non-exessive edge we have either
that the weights of both verties on it are 0 in whih ase it will be alled an s-edge or one vertex
has weight 1 and the other weight −1 and will be alled an n-edge. The reason for introduing
the notion of admissibility is that we will get admissible weightings from genus 1-brations (f.
Proposition 1.3). In one ase (bres of type A˜∗1) all but one of the onditions will be fullled and
we say that a weight is semi-admissible if all the onditions of admissibility but the ondition on
the exess being non-negative (the seond ondition) is fullled.
The reason for our interest in admissible weights is the following result.
10 TORSTEN EKEDAHL AND N. I. SHEPHERD-BARRON
Proposition 1.3 Let π:X → S be a genus 1 bration over a 1-dimensional regular base (with
X also regular) in harateristi 2 and let π′:X ′ → S′ be its pullbak by the Frobenius map
on S. Let ρ: X˜ → X ′ be the normalisation map and A on X its ondutrix. If s is a losed
point of S, with reduible bre not of type A˜∗1, then the weight w on the dual graph of the bre
over s dened by w(v) = (A, v) is admissible. In the ase of a bre of type A˜∗1 the weight is
semi-admissible. The bre weight is 0 if π is ellipti, 1 if π is quasi-ellipti with a simple bre
above s and 2 if π is quasi-ellipti with a double bre above s.
Proof: The ondition that the weight of a vertex is ≤ 1 follows from Lemma 0.8 as we have
−2 ≤ 2g − 2 = (−2 − r)s2/2 − s(A, v) < −s(A, v). If (A, e) > 0 for an edge root e then if v1
and v2 are the two verties on e then for at least one of them, v1 say, we must have (A, v1) > 0.
This gives that s = 1 and r = 0. As r = 0 we get, again from (0.8) and the fat that two urves
in the bre interset transversally as we have exluded the A˜∗1 ase, that as v2 is adjaent to v1
we must have that s = 2 for v2. This gives −2 ≤ 2g − 2 = (−2− r)2 − 2(A, v2) ≤ −4− 2(A, v2)
whih gives (A, v2) ≤ −1 and thus (A, e) ≤ 1 − 1 = 0, a ontradition. Furthermore, from (0.8)
it also follows that in the minimal dissolution two points are blown up on a urve of weight 0 but
also all intersetion points between suh urves are blown up. Hene a vertex of weight 0 an
meet at most two other suh verties. Further, A may be written as a sum of eetive divisors
As +A
′
where As has support in the bre and A
′
has no omponent in the bre. We then have
(A, v) = (As, v) + (A
′, v) ≥ (As, v). More preisely, A an be deomposed as As +R+A′′ where
A′′ has support in other bres and R does not ontain omponents of bres. Then for f an
element of the root lattie we have (A, f) = (As, f) + (R, f). If f is the Kodaira-Néron yle,
then (As, f) = 0 so that (A, f) = (R, f). In the ellipti ase π is generially smooth and hene
R = 0. In the quasi-ellipti ase R is the urve of usps and hene has intersetion 2 with a
bre and thus (R, f) is 2 if the bre is simple and 1 if it is double. Finally, when the bre is
simple the map is smooth at a generi point of a urve that appears with multipliity 1 in the
Kodaira-Néron yle and hene that urve is not in the support of the ondutrix.
The existene of a representing element requires us to be able to deide when a weight is
given by salar produt by an element. We reord for referene the following easy lemma.
Lemma 1.4 A weight w on an extended Dynkin diagram Γ is of the form v 7→ (u, v) for
an element u in the root lattie preisely when w is zero on the Kodaira-Néron yle and its
restrition to the Dynkin diagram from whih Γ is extended is of the form v 7→ (u, v).
Proof: This follows from the fat the vertex added to the Dynkin diagram to make Γ appears
with multipliity 1 in the Kodaira-Néron yle F so that every element on the root lattie may be
uniquely written as a sum of a multiple of F and an element supported on the Dynkin diagram.
We shall need to lassify the admissible weights and the following result is the main tool in
doing that. The preise lassiation will be left to the two following setions (even though we
shall give no formal result desribing the lassiation but only the onsequenes for bres of
genus 1 brations).
Proposition 1.5 Let Γ be a simply-laed extended Dynkin diagram and w an admissible weight
with exess e and bre weight m.
i) If Γ equals A˜n or E˜6 then either w has onstant value 0 or w takes only values 1 and −1
and adjaent verties have dierent weights. In both ases the bre weight is 0 and the exess is
0.
ii) If Γ equals D˜4 or E˜n, n = 7, 8, then e+m = 2f where f is minus the weight of the vertex
of degree > 2.
iii) If Γ equals D˜n, n > 4 then e+m = f1+ f2, where f1 and f2 are minus the weights of the
two verties of degree 3.
iv) We always have that f, f1, f2 ≤ 1 exept when Γ = D˜4 in whih ase f = 2 is also possible
for the weight giving the entral vertex weight −2 and the others weight 1 and whih has bre
weight 0.
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v) If w′ is the omplement of a representing element for w and v is a vertex that appears
with multipliity 1 in the Kodaira-Néron yle, then w′(v) = 0.
vi) If the exess is zero, then either w is zero (and then so of ourse is the bre weight) or
w takes only values 1 and −1 and adjaent verties have dierent values. In that ase the bre
weight is 0 or 2.
• If w is non-zero and of exess and bre weight 0, then Γ is D˜4n+1 or E˜6. The weight is
uniquely determined up to automorphisms of Γ in the D˜4n+1 ase and there are two of
them in the E˜6 ase, diering by multipliation by −1.
• If w is of exess 0, and bre weight 2, then Γ is D˜2n, E˜7, or E˜8 and w is uniquely determined
by Γ. If u is a representing element and w′ its omplement, then w′ has support in the
following vertex: In the D˜2n ase the vertex is the entral vertex, i.e., the vertex xed under
all automorphisms and in the E˜7 ase the vertex must be the degree 1-vertex adjaent to
the degree 3 vertex. Conversely, for those verties there is a unique representing element
whose omplement has support in it.
Proof: Using the notations of Denition-lemma 1.2 we have nF = E − V . Applying w and
rearranging we get e + nm = −w(V ). By (1.2) we have that V = 0 when Γ equals A˜n or E˜6
and as the admissibility implies that e,m ≥ 0 we get e = m = 0. This implies that the exess
of every edge is 0 (as the support of the exess divisor equals the set of all edges) and hene an
edge is either an s-edge or an n-edge. As the graph is onneted this implies that all edges are
of the same type.
As for ii) and iii) they say that −w(V ) equals 2f and f1+ f2 respetively whih follows from
(1.2).
Considering iv) we an write E as E′ + E′′, where E′ is the sum (with multipliities) of the
edges ontaining one of the verties of degree > 2. We assume now that there is only one suh
vertex, v, the other ase being similar. We thus get that e = e′ + e′′, where e′ = −w(E′) and
e′′ = −w(E′′) both of whih are non-negative. As all weights of verties are ≤ 1 we get that the
exess of an edge on whih v lies is ≥ f − 1 and hene we get that e′ ≥ t(f − 1), where t is the
sum of all the multipliities in the exess divisor of the edges on whih v lie. This t is 4, 6, and
8 for Γ equal to D˜4, E˜7, and E˜8 respetively. We thus get 2f ≥ t(f − 1) ≥ 4(f − 1) and if t ≥ 5
this gives 2f ≥ 5(f − 1) and hene f ≤ f . When t = 4 we get the extra possibility that f = 2
in whih ase we have equality everywhere so that the bre weight is 0 and all verties but the
entral one have weight 1 whih together with f = 2 gives the weights.
Let v be a vertex v appearing with multipliity 1 in f and let w′ be the omplement of a
representing element. By assumption v does not appear in u. Then either a vertex appearing in
u is adjaent to v in whih ase w(v) ≥ w′(v) + 1 or there is a vertex v′ adjaent to v whih is
not in the support of u and then w(v + v′) ≥ w′(v) + (u, v′) ≥ w′(v) both of whih implies that
w′(v) = 0. This proves v).
To prove vi) we note that a vertex an not lie on both an s- and an n-edge as the weight
would simultaneously have to be zero and non-zero. Hene if all edges are non-exessive they
are all of the same type. If they are all s-edges then w = 0 and if they are all n-edges their
values alternate and so they are all determined by the value on a single vertex whih gives only
two possibilities diering by a sign. It is easily heked that for suh weights the bre weight is
0 or ±2 and 0 preisely when Γ is D˜2n+1 or E˜6. The existene in the E˜6-ase will be done in
Theorem 3.1 so only existene in the D˜4n+1 and non-existene in the D˜4n+3 ase remains. We
start by giving a representing element with rational oeients. For that dene the weight t by
t(v) = [d/2], where d is the distane from v to the degree 1-verties that are either the attahed
vertex or the one lying on the same side as the attahed vertex. Let w be the weight dened by
w(v) equal to t(v) if v is not a degree 1 vertex on the opposite side of the attahed vertex and
equal to n/2 and those two verties. Hene if n is even a representing element exists. In the ase
when n is odd any other representing element is equal to the sum of the given one and a rational
multiple of the Kodaira-Néron yle. It is lear however that no suh sum an be integral.
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Assume now that w is non-zero and exess 0, and weight 2. When the bre weight is non-zero,
the sign of w is determined by the admissibility ondition so that the uniqueness of the admissible
weight is lear. As for representing elements onsider suh an element u and its omplement w′.
If f is the Kodaira-Néron yle then we have w′(f) = 2. As w′(v) is zero for v a vertex of
multipliity 1 in f and as the support of f is the whole graph we get that w′ is supported on a
single vertex of multipliity 2 in f . Thus given the supporting vertex, w′ is uniquely determined
and hene so is u up to a multiple of f . Let us rst onsider neessary onditions. For the D˜2n
ase we rst dene t by t(v) := [(d + 1)/2], where d is the distane to the boundary, i.e., the
smallest distane to a vertex of degree 1 and [−] the integer part. It is easily veried that if
u :=
∑
v t(v)v, the sum running over the verties, then it is a representing element for w whose
omplement has support in the entral vertex. From this it also follows that this weight fullls
all the onditions of admissibility. For any other vertex of multipliity 2 in Kodaira-Néron yle
onsider the dierene of the weight that is its harateristi funtion and the similar weight
wrt the entral vertex. There is then a representing element for that vertex preisely when
this dierene is represented by the salar produt by an element in the root lattie whih has
support in the verties appearing with multipliity 2 in the Kodaira-Néron yle (the last beause
of ondition 6 for admissibility). It is always representable by the dierene of the fundamental
weights for the two verties and a glane at the table of those weights (f. [GrLie4-6, Planhe IV℄)
reveals that this dierene always has a non-zero oeient for some degree 1-vertex (exept of
ourse when this dierene is zero). For the E˜7 ase there are, up to isomorphism, two verties
of multipliity two in the Kodaira-Néron yle and one of them has a fundamental weight in
the root lattie and the other one doesn't (f. [GrLie4-6, Planhe VI℄) so that at most one of
the hoies has a representing element. In the E˜8 ase there are two suh verties but only
one of them is seen to have a representing element with support in the verties appearing with
multipliity > 1 in the Kodaira-Néron yle. The existene for the E˜7 and E˜8 ases is given in
Theorem 2.2. This nishes the proof of vi).
2 Quasi-ellipti bres
We shall now onsider quasi-ellipti brations π:X → S in harateristi 2 and their ondutries.
Note that some of our non-existene results an be proven by other means (f. [CD89℄) but we
wanted to give a unied proof. We start with two observations onerning the urve of usps.
Lemma 2.1 Let f :X → S be a quasi-ellipti bration with S a smooth urve over an alge-
braially losed eld k of harateristi 2. Then if R is the urve of usps of f , R is smooth, the
restrition of f to R is purely inseparable of degree 2 and the redued inverse image of R on this
normalisation maps by degree 1 to R. Furthermore, the normalisation of the pullbak of f by
the Frobenius map of S is a genus 0 bration.
Proof: If we an prove that the restrition of f to R is of degree 2 then we get that it is non-
singular as at intersets a bre in a singular point so that if R had a singularity its intersetion
number with the bre going through the singularity would be larger than 2. Hene we may assume
that S is the spetrum of a separably losed eldK of transendene degree 1 over k. In that ase
we have a point on X and thus f has a Weierstrass form {y2 = x3 + ax+ b}. The urve of usps
is then dened by x2 = a and y2 = b. After pulling bak by the Frobenius map a and b beome
squares; a = c2 and b = d2 whih to begin with implies that the urve of usps is inseparable of
degree 2. Furthermore, we may write the Weierstrass equation as (y+ c)2 = x(x+d)2 and hene
the oordinate ring of the normalisation is K(2)[s] with y = s3 + cs+ d and x = s2 whih makes
the bration of genus 0 and the inverse image of R is dened by s and is hene of degree 1 over
R.
We an now give the theorem desribing the possible ondutries for a quasi-ellipti bre.
Theorem 2.2 Let S be the spetrum of a disrete valuation ring of harateristi 2 and π:X →
S be a minimal quasi-ellipti bration and X regular. Then if the speial bre of π is reduible
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we have the following possibilities, where As denotes the speial bre and the ondutrix up to
a multiple of the Kodaira-Néron yle of the speial bre, F gives the self-intersetion type (see
Lemma 0.8) of the urves of the speial bre, d is the multipliity of the bre, and the hollow
verties are those meeting the urve of usps. Also only the bres with at most 9 omponents
have been displayed, the others an be inferred from statements in the proof or extrapolated
from the display.
F As d
✛✘✚✙−1
−2
✛✘✚✙0
0
1
✛✘✚✙−1
−1
✛✘✚✙0
0
2
s−1 ✑✑
❝
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s0 ✑✑
s
1
✑✑
s0
◗◗ s0
◗◗
s0
1
s−1 ✑✑
s
−4
❝
−1
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s0 ✑✑
s
1
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s0
1
s−1 ✑✑
s
−4
s
−1
❝
−4
s
−1
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s0 ✑✑
s
1
s
1
s
2
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s0
1
s
−1
s
−4
s
−1
s
−4
❝−1
s
−1
s
−4
s
−1
s
0
s
1
s
1
s
2
s1
s
1
s
1
s
0
1
❝
−4
s
−1
s
−4
s−1
s
−1
s
−4
s
−1
s
−4
s
−1
s
2
s
2
s
3
s1
s
2
s
2
s
1
s
1
s
0
1
s−1 ✑✑
s
−4
✑✑
s−1
◗◗ s−1
◗◗
❝−2
s0 ✑✑
s
1
✑✑
s0
◗◗ s0
◗◗
s1
2
❝−1 ✑✑
s
−4
s
−1
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−2
s1 ✑✑
s
2
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s1
2
s−1 ✑✑
s
−4
s
−1
s
−4
s
−1
s
−4
✑✑
s−1
◗◗ s−1
◗◗
❝−2
s1 ✑✑
s
3
s
2
s
2
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s2
2
s
−2
s
−4
s
−1
s
−4
s−1
s
−1
s
−4
❝
−1
s
1
s
2
s
2
s
3
s1
s
2
s
2
s
1
2
s
−4
s
−1
s
−4
s−1
s
−1
s
−4
s
−1
s
−4
❝
−2
s
2
s
3
s
5
s2
s
4
s
4
s
3
s
3
s
2
2
Proof: We may assume that the bre is reduible as otherwise the statement is empty.
Consider rst the A˜∗1 ase when by Proposition 1.3 the weight given by intersetion with
the ondutrix is semi-admissible. Let u be a representing yle and assume that it is non-zero.
As the Kodaira-Néron yle is the sum of the two omponents u is at most supported on one
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on one of them. Let v be the other vertex. As the intersetion of the two verties is 2 we get
w(v) ≥ (u, v) ≥ 2 ontraditing admissibility. Thus w = w′ and hene w takes values 0 or 1 the
two verties. If it takes the value 1 on both, the multipliity is 2 and if it takes the value 1 on
only one of them the multipliity is 1. The multipliities are then determined by Lemma 0.8.
We are hene left with the ase where the bre has a dual graph. By Proposition 1.3 inter-
setion with the ondutrix gives a weighting of bre weight 1 or 2 on the dual graph of the
bre. If the exess is zero, the weight and possible representing elements are desribed in the
proposition. We want to determine in that ase the self-intersetions. However, by Lemma 0.8
the only ambiguity is when the weight is −1 in whih ase we ould have self-intersetion −3 or
−4. However, a urve of type −3 would have s-invariant 1 and hene, again by the lemma, ould
not meet a urve with weight 1 as it has s-invariant 1 and r-invariant 0. Now, every vertex of
weight −1 meets a vertex of weight 1. Hene all weight 1 urves are of type −4.
We may therefore assume that the exess is stritly positive. Proposition 1.5 then gives us
that Γ equals D˜n or E˜n, n = 7, 8, and e+m = f1+f2 in the D˜n, n > 5 ases and e+m = 2f in the
D˜4, E˜7, and E˜8 ases. In all ases f1, f2, f ≤ 1 and as e,m > 0 we get e = m = f = f1 = f2 = 1.
Hene there is exatly one exessive edge k and k has to appear with multipliity 1 in the exess
yle and the exess for k is 1. Consider the graph Γ′ obtained by removing that edge (but not
the verties on it). Then Γ′ has only edges of exess zero and thus eah onneted omponent of
it onsists exlusively of either s- or n-edges and in partiular all verties of Γ have weight −1,
0, or 1. As Γ is a tree Γ′ has two omponents and both omponents an not have edges of the
same type as verties on an s-edge have even weight and verties on an n-edge have odd weight
and k has exess 1. Hene there is one omponent whih onsists of s-edges and another whih
onsists of n-edges. Then one of the verties on k has to have weight −1 and the other weight 0
as otherwise the exess would be −1.
Consider rst the D˜2n ase. As f or f1 and f2 are 1 we have that the degree 3-verties belongs
to the n-omponent and hene the s-omponent onsists only of one degree 1-vertex whih we
an assume to be the attahed vertex. On the other hand, if u is a representing yle and w′ its
omplement then as w′(f) = 1, f being the Kodaira-Néron yle, we have that w′ is supported
on a degree 1-vertex. This an be any of the four degree 1-verties. The dierene of the
omplements of two suh hoies is then given by the dierene of the two fundamental weights
(or the dual of largest root in the ase of the attahed vertex). The only relations modulo the
root lattie is that the weight orresponding to the attahed vertex is zero, that the fundamental
weights are all of order 2, and that the sum of the three fundamental weights is zero (as is easily
seen from [GrLie4-6, Planhe IV℄). This implies that the dierene of two of them an never be
in the root lattie and hene at most of these ases have a representing element. Consider now
the weight t given by t(v) = [(d+ 1)/2], where d is the distane to the attahed vertex, when v
has degree > 1, t(v) = 0 for the degree 1-verties on the opposite side of the attahed vertex,
t(v) = [n/2] for the attahed vertex, and t(v) = [(n− 1)/2] for the fourth degree 1-vertex. It is
then easily veried that this is a representing element.
In the E˜7 and E˜8 ases there is up to isomorphism a unique vertex of degree 1 in the Kodaira-
Néron yle and it is easily veried that the laimed element is representing.
Finally, the self-intersetion types are as laimed as the only ambiguity is type −4 and −3.
However, a vertex of type −3 an, by Lemma 0.8 not be adjaent to one of type −1 or −2.
Remark: It is a striking a posteriori fat that given the multipliity and the type of the bre
there is at most one possibility for the ondutrix. We have no a priori explanation for this.
We may use these results to show that the existene of ertain quasi-ellipti brations fores
exeptionality.
Corollary 2.3 Let X be an Enriques surfae in harateristi 2.
i)X an not have a simple E˜8-bre of a quasi-ellipti bration in the support of its ondutrix.
ii) If X has a quasi-ellipti bration with either a E˜7- or a E˜8-bre (simple or double) then
it is exeptional.
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Proof: For the rst part we see from the theorem that for suh a bre, the bi-ondutrix B
would ontain the bre ontraditing that by Proposition 0.5 h0(B) = 1.
As for the seond part the ase of double bres follows diretly from the theorem as two
times the ondutrix visibly ontains a half bre. In the ase of a simple E˜7-bre the theorem
shows that the ontribution to the ondutrix supported on that bre plus the urve of usps
form a E˜6-onguration whih then is the half-bre (half as it has intersetion 1 with a urve)
of a (neessarily) ellipti bration. Twie the ondutrix ontains that half-bre so the surfae
is exeptional by Proposition 0.5. In the ase of a simple E˜8-bre the theorem shows that we
are in one of two ases but one of those has just been exluded. Hene the urve of usps meets
the vertex of degree 1 that has multipliity 2 in the Kodaira-Néron yle. Now, by Lemma 2.1
the urve of usps together with the intersetion of Γ with the support of the ondutrix forms
a T2,4,5-onguration and in partiular ontains a T1,4,4 = E˜7 whih is the half-bre of a genus
1-bration (again half as the remaining urve in T2,4,5-onguration) has intersetion number
1 with the Kodaira-Néron yle). Twie the ondutrix then ontains the half-bre and so the
surfae is exeptional.
In the ase of a double bre the theorem determines the ondutrix only up to a multiple of
the half bre. The following result relates that multiple to a more familiar invariant.
Proposition 2.4 Let f :X → S be a quasi-ellipti bration with S the spetrum of a disrete
valuation ring in harateristi 2 andX be the normalisation of the pullbak of f by the Frobenius
map. Then X has only rational double points as singularities and the length of the torsion of
R1f∗OX equals the largest multiple of the speial bre that is ontained in the ondutrix.
Proof: Let f ′:X ′ → S be the pullbak of f by the Frobenius map of S, τ :X → X ′ its
normalisation, and ρ: X˜ → X a minimal resolution. Also, put f := τ ◦ f ′ and f˜ := ρ ◦ f . Then
f˜ is the blowing up of a smooth genus 0 bration so that Rf˜∗OX˜ = OS . On the other hand we
have a distinguished triangle → OX → Rρ∗OX˜ → F [−1]→, where we have put F := R1ρ∗OX˜ .
Using that F has nite support and applying Rf∗ we get a short exat sequene
0→ R1f∗OX −→ R1f˜∗OX˜ −→ f∗F → 0,
and as R1f˜∗OX˜ we get F = 0 and R1f∗OX = 0. Consider now the inlusion OX′ →֒ τ∗OX with
okernel that we all G. By the vanishing of R1f∗OX and that f∗OX = OS = f ′∗OX′ , we get that
f ′∗G = R1f ′∗OX′ . Now, on the one hand, by at base hange we have R1f ′∗OX′ = F ∗R1f∗OX and
hene F∗R
1f ′∗OX′ = OS
⊗
OS
R1f∗OX , with OS being a module over itself through the Frobenius
map F . On the other hand we have a diagram
0 −−−−→ OX −−−−→ F∗OX′ −−−−→ L −−−−→ 0
∥∥
∥

y

y
0 −−−−→ OX −−−−→ F∗τ∗OX −−−−→ L(A) −−−−→ 0,
where L being the pullbak of a line bundle on S is trivial and more preisely equal to πOS
where π is a uniformiser for S. This gives a short exat sequene
0→ πOX −→ πOX(A) −→ F∗G → 0
and hene a long exat sequene
0→ π ⊗ f∗OX → π ⊗ f∗OX(A)→ (OS
⊕
πOS)
⊗
OS
R1f∗OX → R1f∗OX
and it is easily seen that the last map is just the projetion on the rst fator giving a short
exat sequene
0→ f∗OX = OS −→ f∗OX(A) −→ R1f∗OX → 0.
Now, we an write A = F + R, where F has support in the speial bre and R is the urve
of usps. It is lear that for the inlusion OX →֒ OX(F ) given by the setion F we have
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f∗OX = OS →֒ f∗OX(F ) = π−nOX , where n is the largest multiple of the speial bre that is
ontained in the ondutrix. Furthermore, OX(A)/OX(F ) is at over S and hene the S-torsion
of R1f∗OX equals f∗OX(F )/f∗OX ∼= OS/πnOS .
Remark: Note that the ondutrix of a genus 1 bration with a double bre always ontains
a half-bre as the equation for a bre is divisible by the square of the half-bre and one an
onstrut a partial normalisation of the pullbak by the Frobenius map by dividing by the
equation of the half-bre. The bre is then wild preisely when the ondutrix for this partial
normalisation ontains a half-bre.
3 Ellipti bres
Let us rst take are of the A˜n and A˜
∗
2 ases. Then the dual graph is An and we know from
Proposition 1.5:i that if the weight is not everywhere zero it takes the values 1 and −1 on
alternating verties and the multipliity is zero. Let u be a representing element. Then (u, v) =
±1 for every vertex. Furthermore, as the Kodaira-Néron yle ontains every vertex root exatly
one the support of u is not the whole graph. Let v be a vertex not in the support. Then
(u, v) ≥ 0 and hene it must equal 1. This means that it is only adjaent to one vertex in the
support. Let v′ be the vertex adjaent to v not in the support. By the same argument we have
(u, v′) = 1 whih ontradits that the signs of (−, u) alternates.
Theorem 3.1 Let S be the spetrum of a disrete valuation ring of harateristi 2 and π:X →
S be a minimal ellipti bration and X regular. Then if the speial bre of π is reduible we have
the following possibilities, where As denotes the speial bre and the ondutrix up to a multiple
of the Kodaira-Néron yle of the speial bre, F gives the self-intersetion type (see 0.8) of the
urves of the speial bre. Also only the bres with at most 9 omponents have been displayed,
the others an be inferred from statements in the proof or extrapolated from the display.
F As
✛✘✚✙−2
−2
✛✘✚✙0
0s−2
◗◗ s−2
✑✑s
−2
s
−2
◗◗
s−2 ✑✑
s−2 s0
◗◗ s0
✑✑s
0
s
0
◗◗
s0 ✑✑
s0
−2✔
✔
✔
✔ −2
❚
❚
❚
❚−2
0✔
✔
✔
✔ 0
❚
❚
❚
❚0
s−1 ✑✑
s
−4
s
−1
✑✑
s−4
◗◗ s−4
◗◗
s−1
s0 ✑✑
s
1
s
1
✑✑
s1
◗◗ s1
◗◗
s0
s
−4
s
−1
s
−4
s−1
s
−1
s
−4
s−4
s
1
s
1
s
2
s1
s
1
s
1
s1
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s
−1
s
−4
s
−1
s−4
s
−4
s
−1
s−1
s
0
s
1
s
1
s1
s
1
s
0
s0
s−1 ✑✑
s
−6
✑✑
s−1
◗◗ s−1
◗◗
s−1
s0 ✑✑
s
1
✑✑
s0
◗◗ s0
◗◗
s0
s−1 ✑✑
s
−4
s
−1
s
−4
s
−2
✑✑
s−2
◗◗ s−2
◗◗
s−1
s0 ✑✑
s
1
s
1
s
2
s
2
✑✑
s1
◗◗ s1
◗◗
s0
s−1 ✑✑
s
−4
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s0 ✑✑
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s0
s−4 ✑✑
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s1 ✑✑
s
1
✑✑
s0
◗◗ s0
◗◗
s0
s−3 ✑✑
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s1 ✑✑
s
1
✑✑
s0
◗◗ s0
◗◗
s0
s−1 ✑✑
s
−4
s
−1
s
−4
s
−1
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−4
s1 ✑✑
s
3
s
2
s
2
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s2
s−1 ✑✑
s
−4
s
−1
s
−4
s
−1
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−3
s1 ✑✑
s
3
s
2
s
2
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s2
s−1 ✑✑
s
−4
s
−1
s
−6
s
−1
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s0 ✑✑
s
1
s
1
s
2
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s0
s−1 ✑✑
s
−4
s
−1
s
−4
✑✑
s−2
◗◗ s−2
◗◗
s−1
s0 ✑✑
s
1
s
1
s
2
✑✑
s1
◗◗ s1
◗◗
s0
s−1 ✑✑
s
−4
s
−2
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s0 ✑✑
s
1
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s0
s−1 ✑✑
s
−4
s
−2
s
−2
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s0 ✑✑
s
1
s
1
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s0
s−1 ✑✑
s
−4
s
−2
s
−2
s
−2
s
−4
✑✑
s−1
◗◗ s−1
◗◗
s−1
s0 ✑✑
s
1
s
1
s
1
s
1
s
1
✑✑
s0
◗◗ s0
◗◗
s0
s
−2
s
−4
s
−1
s
−4
s−1
s
−1
s
−4
s
−2
s
1
s
2
s
2
s
3
s1
s
2
s
2
s
1
s
−1
s
−4
s
−1
s
−4
s−2
s
−1
s
−4
s
−1
s
0
s
1
s
1
s
2
s1
s
1
s
1
s
0
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s
−4
s
−1
s
−4
s−1
s
−1
s
−4
s
−1
s
−6
s
−1
s
2
s
3
s
5
s2
s
4
s
4
s
3
s
3
s
1
s
−6
s
−1
s
−4
s−1
s
−1
s
−4
s
−1
s
−4
s
−1
s
2
s
2
s
3
s1
s
2
s
2
s
1
s
1
s
0
s
−2
s
−2
s
−4
s−1
s
−1
s
−4
s
−1
s
−4
s
−1
s
1
s
2
s
3
s1
s
2
s
2
s
1
s
1
s
0
s
−4
s
−1
s
−4
s−1
s
−1
s
−4
s
−2
s
−2
s
−2
s
2
s
3
s
5
s2
s
4
s
4
s
3
s
2
s
1
s
−4
s
−1
s
−4
s−1
s
−1
s
−4
s
−1
s
−4
s
−4
s
2
s
3
s
5
s2
s
4
s
4
s
3
s
3
s
2
Proof: We may assume that the bre is reduible as otherwise the theorem is trivial.
Consider rst the ase of a A˜∗1 bre. A redued representing element for the weight is a non-
negative multiple of one of the verties but if it is a stritly positive multiple it has intersetion
> 1 with the other vertex and hene does not represent a semi-admissible weighting as it should
by Proposition 1.3.
By Proposition 1.3, when the bre has a dual graph, intersetion with the ondutrix gives
rise to an admissible weighting.
Consider now the ase when the ondutrix is zero and the bre is reduible. Then the
self-intersetion type of all omponents is −2. When the bre has a dual graph there an be no
verties of degree 3 as then, by Lemma 0.8, its r-invariant would have to be > 2. In the ase
the bre is of type A˜n all intersetions between two omponents have to lie below a singularity
and that singularity has to be of type A1 as otherwise we would get a dual graph that is not a
Dynkin diagram. As the intersetion points already aount for the full r-number we see that
we get a A˜2n bre. Similarly, a bre of type A˜
∗
2 would have a A1-singularity on the intersetion
of the three omponents and then the only possibility is that there is one more A1 singularity on
eah omponent, giving a E˜6 bre.
When the bre is of type A˜n or A˜
∗
2 we get from Proposition 1.5:i that the exess is zero and
that implies that the weight is zero. We may therefore assume that the bre is of type D˜n or
E˜n.
We now assume that the weight is not zero and divide up our analysis rst aording to the
exess of the weighting.
Exess 0:
The ase when the exess is zero and the weighting is non-zero is handled by Proposition
1.5:i. The self-intersetions are determined  as usual with the aid of Lemma 0.8  as every
vertex with self-intersetion type −3 or −4 is adjaent to one of self-intersetion type −1 and
hene must be of type −4.
We an thus assume that the exess is stritly positive. With the notations of the proposition
we then have e = 2f or e = f1 + f2. By the proposition there is one single possibility in the D˜4
ase for whih f = 2 whose self-intersetions are determined by (0.8). We an thus assume that
f, f1, f2 ≤ 1.
Exess 1:
As 1 is not even, the bre must be of type D˜n, n > 4 and we may assume f1 = 1 and f2 = 0.
As the exess is 1 there is exatly one exessive edge and removing that gives a subgraph whose
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omponents onsists solely of edges of the same type, s-edges or n-edges. Now, as one of the
verties of degree 3 has weight 0 and the other weight −1 we get that they belong to dierent
omponents and hene the exessive edge lies between them. Furthermore, the degree 3 vertex in
the s-omponent an not be interior in that omponent as otherwise it would be adjaent to more
than two verties of weight 0 ontraditing admissibility. Hene, the edge onneting that degree
3 vertex with a degree 2 vertex has to be the exessive one. This determines the weight, as the
other vertex on the exessive edge has to have weight −1 and then the weights have to alternate
between 1 and −1. This exludes the ase when n is even as in that ase the other degree 3
vertex an not have weight −1 as it must as f1 = 1. We may thus assume that n is odd. We now
dene a (rational-valued) weighting as follows: Let t be the weight given by t(v) = [(d + 1)/2],
where d is the distane to the degree 1 verties on the side of the attahed verties and let w be
the weight that takes the value t(v) on all verties but the degree 1 verties on the opposite side
of the attahed vertex and value (n− 3)/4 on these verties. A moment's thought shows that w
gives the weighting we are looking and it is easily seen that adding a (rational) multiple of the
Kodaira-Néron yle an give an element of the root lattie preisely when n ≡ 3 mod 4.
Exess 2:
This fores f = f1 = f2 = 1. Furthermore, the type of the bre is either D˜n, E˜7, or E˜8. We
now onsider those dierent types.
• D˜n: Assume rst that there is one edge of exess 2. Removing that edge gives again a
graph whose omponents have edges of the same type, s- or n-edges. In partiular, the
weight of a vertex is −1, 0, or 1 and hene the verties on the exessive edge both have
weight −1. If the exessive edge lies between the two degree 3 verties, then as both degree
3 verties have weight −1 and apart from the exessive edge the weights must alternate,
we get that n must be odd. An argument similar to the previous ones shows that the
representing element is in the root lattie preisely when n ≡ 1 mod 4. Just as before there
an be no vertex of self-intersetion type −3 as every vertex of weight −1 is adjaent to
one of weight 1. If the exessive edge instead is one of the degree 1 verties we get rst
that n must be even as the two degree 3 verties have weight −1 and the weights between
them must alternate. One then shows that in order for the representing element to be in
the root lattie we must further have that n is divisible by 4.
The next ase is still of type D˜n but with two edges of exess 1. Removing them gives
three omponents all of whih have edges of exess zero. Assume rst that there is a vertex
v of weight < −1. Then it has to be isolated in its omponent, of weight −2 and adjaent
only to verties of weight 1. As the two degree 3 verties have weight −1 this means that
v has to lie between them. We also have that the other weights are −1 or 1 and that they
alternate. This fores n even and n ≥ 8. Apart from it is easily seen that there are no
further restritions. We see also that the self-intersetion type of v must be −6 as the
s-invariant must be 2 by Lemma 0.8.
Hene, we may assume that all verties have weights −1, 0, or 1 (and still a graph of type
D˜n). Again we get three omponents after having removed the two exessive edges. If the
two degree 3 verties lie in the same omponent then two of the degree 1 verties have
weight 0 and the rest of the graph omprise one omponent. Furthermore, n is even as
otherwise the two degree 3 verties an not have weight −1. Up to isomorphism this gives
two possibilities: Either the two weight 0 verties lie on the same side or they don't.
In the rst ase dene the rational valued weight t by t(v) = [(d − 1)/2], where d is the
distane to the attahed vertex, when v is not a degree 1 vertex, t(v) = 0 if v lies on the
same side as the attahed vertex, and t(v) = (n − 2)/4 if not. This weight has the right
properties and is integer-valued preisely when n ≡ 2 mod 4. As for the seond ase we
see that the multipliity of a degree 3 vertex in a representing yle would have to be both
odd and even.
In the ase when the two degree 3-verties lie in dierent omponents we then have a line
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of weight 0 verties among the degree 2 verties. In the ase when all degree 2 verties have
weight 0 a representing element is having multipliity 1 at all verties of degree > 1 and
zero at those of degree 1. In general it is easily seen (using for instane [GrLie4-6, Planhe
IV℄) that a representing element exists exatly when the number of verties of weight 0 is
ongruent modulo 4 to the number of verties of degree 2 (i.e., n− 5).
Hene either there are two exessive edges both ourring with multipliity 1 in the exess
yle or one exessive edge either ourring with multipliity two in the exess yle or
being itself of exess 2 and ourring with multipliity 1 in the exess yle.
• E˜7: As the total exess is 2 there are at most two exessive edges. Note that generally
the weights on the omponent of the graph of non-exessive edges that ontain the degree
3 vertex are determined as the weight of the degree 3 vertex is −1. If an edge that is of
distane 1 from the boundary (where an edge with a boundary vertex on it is of distane
zero to the boundary) is exessive then its inner vertex has weight 1 and hene its outer
vertex has weight −2 foring the other edge on whih it lies also to be exessive.
Assume that there are exatly two exessive edges. Then their exess must be 1 and they
must both appear with multipliity 1 in the exess yle. Hene if an edge of distane 1 to
the boundary is exessive, the weights of the whole graph are determined and are seen to
give a weighting that an not be represented by an element of the root lattie (though by
an element in the rational root lattie). Hene we may assume that only the outer edges
of the long arms are exessive and this determines a weight whih is seen to be represented
by an element of the root lattie.
Assume now that there is only one exessive edge. This is either an edge of exess 1 and
with multipliity 2 in the exess yle or with exess 2 and multipliity 1 in the exess
yle. In either ase there is exatly one weight. In the rst ase the ases are deteted
by whih of the three neighbours to the degree 3 vertex are of weight 0. For the degree 1
neighbour there is a representing element, for the others the weight is not even zero on the
Kodaira-Néron yle. For the ase of an exess 2 edge it an not be of distane 1 to the
boundary as that would give another exessive edge and hene it must be a boundary edge
on one of the long arms whih determines the weight, whih is seen not to be represented
by an element of the root lattie.
• E˜8: We proeed as in the E˜7 ase.
Assume that there are exatly two exessive edges eah thus having exess 1. As there are
exatly two edges appearing with multipliity 1 in the exess yle this means that those
two edges are the exessive edges and the weight is determined and it is indeed given by a
representing element.
Assume that there is exatly one exessive edge. The weight is ompletely determined by
whih edge is exessive and that edge has multipliity 1 or 2 in the exess yle. The two
edges on the length 2 arm both have representing yles. If the seond edge on the long arm
(ounted from the degree 3 vertex) were exessive, the multipliity of its outer vertex would
have to be −2 and hene also the next edge would be exessive. The third edge however
gives rise to a representing yle. If the fourth edge on the long arm were exessive, the
multipliity of its outer vertex would have to be −3 and hene also the next edge would be
exessive. Finally, the outer edge on the long arm gives rise to an admissible weight.
We have thus taken into aount all the possibilities and the proof is therefore nished.
Reall that a genus 1 bration on an Enriques surfae is said to be speial if it has a genus
0 2-setion. The urve of usps of a quasi-ellipti bration gives suh a setion so that quasi-
ellipti brations are always speial. We shall now use the theorem to investigate ellipti speial
brations.
ON EXCEPTIONAL ENRIQUES SURFACES 21
Corollary 3.2 Let X be an Enriques surfae.
i) A double bre of a speial ellipti bration on X is either irreduible, of types A˜∗1, A˜
∗
2, D˜5
with the weighting assoiated to the ondutrix of exess 0 or E˜6 with the weighting having the
whole bre as its support.
ii) Conversely, if an ellipti bration on X has a double D˜5 or E˜6 bre for whih the weighting
assoiated to the ondutrix has exess 0 resp. with the whole bre as its support, then it is
speial.
Proof: Assume rst that R is a speial 2-setion of an ellipti bration and F is a bre whih
may be assumed to be reduible not of type A˜∗1 or A˜
∗
2. In partiular F has a dual graph. As
F is a double bre we have that (C,R) = 1, where C is the Kodaira-Néron yle of F . In
partiular, R meets only one omponent of F and it meets that omponent in one point and has
a transversal intersetion in it. Hene the onguration of −2-urves given by the union of the
urves of F and R has a dual graph Γ′ and that graph is obtained (up to isomorphism) from the
dual graph Γ of F by attahing the vertex assoiated to R at the attahed vertex of the extended
Dynkin diagram Γ. The ondutrix gives rise to a weighting w on Γ′ whose restrition to Γ is
given by one of the possibilities of the theorem and whose value on R is ≥ 0 as R is not in the
support of the ondutrix and is ≤ 1 by Lemma 0.8. Furthermore, the value on the edge root
on the edge on whih R lies is, again by (0.8), ≤ 0. If the restrition of w to Γ is non-zero then
as the ondutrix is onneted (f Proposition 0.5), supported in the bres of the bration and
ontains omponents of F , it is ompletely ontained in F and is given by the theorem, taking
into aount that by Proposition 0.5 the part of the ondutrix lying in a bre is redued.
Consider rst the ase when the restrition of w to Γ is zero. Then by the theorem Γ = A˜n
for some n. By Lemma 0.8 we must have w(R) = 0 and the intersetion point of R and F must
be blown up under the minimal dissolution of X . As F must have type A˜n this is not possible as,
again by (0.8), all the intersetion points of omponents of F are blown up during the minimal
dissolution and exatly 2 points of eah omponent are blown up. This gives a ontradition as
the single omponent that R meets would have three points blown up.
Hene we may assume that the restrition of w to Γ is non-zero and then w(R) is given by
the multipliity of the attahed vertex of some A of the theorem assoiated to the type of the
bre F . Hene that multipliity must be either 0 or 1 and when it is 1 the self-intersetion type
of the attahed vertex must be −4 or −6 and when it is 2 the self-intersetion type must be −6,
−4, −3 or −2 (as is required by Lemma 0.8). A look at the table of the theorem gives the desired
onlusion.
Suppose onversely that X has an ellipti bration with a double D˜5 bre and that the
ondutrix is as speied. Note that as the ondutrix is supported in F its support forms a D4.
Assume rst that X is E˜8-speial in the sense of [CD89, 3:4℄. In our terminology that is the
same thing as saying that X has a speial genus 1 bration with a double bre of type E˜8. By
what has just been proven suh a bration is quasi-ellipti but by Theorem 2.2 suh a bration
an not have a ondutrix whose support forms a D4-onguration. By [CD89, Thm 3.4.1℄ there
therefore is a seond genus 1 bration on X suh that a half-bre of it has intersetion one with
the half-bre F . We may use this seond bration to ompute the ondutrix. Looking through
the tables of Theorems 2.2 and 3.1 one onludes that it either is ellipti with a bre of type
D˜5 with weight of exess 0, ellipti with a bre of type E˜6 with ondutrix whose support is a
D4 in the bre, or quasi-ellipti with a simple D˜6 bre. In the two last ases an appropriate
urve of the new bre gives a speial 2-setion of the original bration and we may hene assume
that we are in the rst ase. Furthermore, using Lemma 0.9, we onlude that the D˜5 bre of
the new bration must be a double bre as the ondutrix ontains a urve that appears with
multipliity 1 in the Kodaira-Néron yle. Hene we have two dierent D˜5-ongurations whose
intersetion ontains a ommon D4-onguration. This means that either they have one more
urve in ommon, making the intersetion a D5-onguration, or the intersetion is the support
of the ondutrix. Hene, one of them has one or two urves outside of the other and they meet
the rst bre in a degree 2 vertex. The intersetion number of the two Kodaira-Néron yles is
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thus equal to the sum of the intersetion numbers of these one or two urves of the seond bre
with the Kodaira-Néron yle of the rst and as they meet the rst in a urve appearing with
multipliity 2 in the Kodaira-Néron yle this intersetion number is at least 2 but by assumption
this intersetion number is supposed to be 1.
Suppose now instead that X has an ellipti bration with a double E˜6 bre with the support
of the ondutrix being all of that bre. Again by [CD89, Thm 3.4.1℄ there must be some other
genus 1 bration on X . This bration an not be ellipti as then the support of the ondutrix
would be ontained in a bre but the support is already a bre for the rst bration. Looking
at the table for Theorem 2.2 we see that the only possibility for a quasi-ellipti bration giving
a ondutor of the desired form is either one simple D˜8 bre and one simple D˜4 bre (both
with weights of exess 0) or one simple E˜7 bre with weight of exess 0. Both provide a speial
2-setion through one of the omponents of a bre not in the ondutrix (the rst one also giving
too many omponents of bres to be possible on an Enriques surfae).
The theorem and the orollary allows us to give a rst step towards haraterising exeptional
surfaes with ellipti brations.
Corollary 3.3 Let X be an Enriques surfae in harateristi 2. If a half bre of an ellipti
bration is ontained in the bi-ondutrix then that bre is a E˜6-bre.
Proof: As the ondutrix is onneted (f. Proposition 0.5) the support of the ondutrix
equals the double bre in question. By the theorem we get that the bre is of type E˜n, n = 6, 7, 8
and what remains is to exlude the possibility of a E˜7 or E˜8 bre. Consider rst the E˜8 ase. By
Corollary 3.2 the bration is not speial and hene by [CD89, Thm 3.4.1℄ there is another genus
1 bration. It an not be ellipti beause if it were the ondutrix would be ontained in a single
bre and as one extended Dynkin diagram an not be properly ontained in another it would
not be dierent from the given one. Thus it is quasi-ellipti and heking the list in Theorem 2.2
one sees that this is not possible (the quikest way to do this is probably to note that the degree
3 vertex has multipliity 5 and in the quasi-ellipti ase this only happens for a E˜8 bre, simple
or double, but in neither of those ases is the support of the ondutrix as apart from the part
in the bre one has at least also the urve of usps). The ase of an E˜7 bre is similar.
4 Genus 1 penils on exeptional Enriques surfaes
We are now ready to give a desription of exeptional Enriques surfaes in terms of whih genus
1-brations they admit. In the ase of surfaes of type T2,3,7 and T2,4,5 this is quite simple. The
situation in the T3,3,3 ase is more ompliated and the answer depends on the MW-rank of the
surfae. This fores us to divide the study in two piees. First a lattie theoreti study whih
shows how to obtain every E˜7-onguration (genus 1 brations with suh a bre being the only
ones that are troublesome) of elements in Num of the surfae from a xed onguration by a
sequene of (very speial) reetions. Then a determination of whih of these sequenes give an
atual E˜7-onguration of urves is made. The last answer will then depend on the MW-rank.
In atuality it turns out that it is not the E˜7-ongurations that are the ones to study but
rather the T4,4,4-ongurations and the following result gives a rst explanation as to why this
is.
Denition-Lemma 4.1 Let X be an exeptional Enriques surfae with an ellipti bration on
it.
i) That bration is speial, has a double bre of type E˜6, and the ondutrix is supported on
it and has the following form:
q
1
q
1
q
2
q1 q
1
q
1
q1
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We shall all this E˜6-onguration the anonial (T3,3,3-)onguration, C. Irreduible omponents
of reduible bres of the ellipti bration that are not part of the anonial onguration will be
alled extraneous omponents.
ii) Any other genus 1 bration is quasi-ellipti with a simple bre of type E˜7. One of the
end verties of the anonial onguration is the urve of usps of it and the other verties are
ontained in the given bre.
iii) There is more than one genus 1-bration on X .
iv) Any E˜7-onguration on X extends to a T4,4,4-onguration. In partiular X has a T4,4,4-
onguration. For eah suh surfae we pik a T4,4,4-onguration, T , and all it the standard
(T4,4,4-)onguration.
Proof: The support of the ondutrix is ontained in one bre as the bration is ellipti and
the ondutrix is onneted (f Proposition 0.5). As one extended Dynkin diagram an not be
properly ontained in another that means that the support of ondutrix, whih by assumption
will ontain a onguration of the type of an extended Dynkin diagram, is equal to a bre. Hene
by orollary 3.3 the half bre is of type E˜6 and the ondutrix is by Theorem 3.1 supported in
that bre and is as is laimed. Finally, the bration is speial by Corollary 3.2.
Suppose now that ρ:X → P1 is another genus 1 bration on X . If ρ is ellipti the ondutrix
has support in one bre by (3.1) but that support, as we have just seen, is an E˜6-onguration.
This fores the support of E˜6-onguration to be the whole bre and hene ρ is the same bration
as π ontrary to assumption. Hene, ρ is quasi-ellipti. The ondutrix is then supported on the
union of a nite number of bres of ρ and the urve of usps of ρ. The urve of usps ours with
multipliity 1 in the ondutor whereas the entral vertex of the E˜6-onguration ours with
multipliity 2 in it. Hene the urve of usps is not equal to that entral vertex and therefore
the entral vertex lies in a bre of ρ. Inspetion of the tables of Theorem 2.2 shows that there
are only two possible bres of a quasi-ellipti bration for whih a vertex of degree 3 ours with
multipliity 2 in the ondutor; a double D˜6-bre and a simple E˜7-bre. The D˜6-bre is not
possible as then one of the arms of the dual graph of the ondutrix would only onsist of one
non-entral vertex whereas all the arms of E˜6 onsist of two suh verties. Hene any other genus
1 bration is quasi-ellipti with a simple E˜7-bre and the E˜6-onguration is the union of the
urve of usps plus the E6 in the E˜7.
Now, it follows from [CD89, Thm 3.4.1℄ that an Enriques surfae with only one genus 1
bration has an E˜8-bre in that unique bration. This is not possible for π as it has an E˜6-
bre and the sum of the number of omponents of irreduible bres minus the number of suh
omponents is at most 8 on an Enriques surfae.
We thus know that there must be another genus 1 bration and by ii) it has a simple E˜7
bre and it and the urve of usps make up a T4,4,3-onguration. However, by what we have
just shown it is quasi-ellipti and hene it must have another reduible bre (as the number of
omponents minus 1 of the bres sum up to 8) and hene there is a −2-urve in a bre that
meets the urve of usps. By Lemma 0.8 it must meet it transversally and as it is in a bre it
meets no other urve of the T4,4,3-onguration. Adding it thus gives a T4,4,4-onguration.
Proof of Theorem A: That a surfae with a quasi-ellipti bration with an E˜7- or E˜8-bre is
exeptional follows from orollary 2.3 and that a surfae with a speial bration a double E˜6-
bre is exeptional follows from Theorem 3.1 and Corollary 3.2. Conversely, assume that X is
exeptional. By (0.5:v) the bi-ondutrix ontains a half bre of a genus 1 bration π:X → P1.
Assume rst that π is ellipti. By lemma 4.1 π is speial with a double E˜6 bre.
Therefore we may assume that π is quasi-ellipti. Again onsulting Theorem 2.2 we see that
the only double bres for whih the support of the ondutrix ontains the bre is a E˜7- or
E˜8-bre. This onludes the proof of the rst part.
The support of the ondutrix an be read o from (2.2) and (3.1).
Finally, the last part follows from orollary 2.3 and Theorem 3.1.
Proof of Theorem B: The haraterisation follows from Proposition 0.5.
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We shall go on to make a more preise study of the possible genus 1 brations on exeptional
Enriques surfaes. The most diult ase is that of a surfae of type T3,3,3 and we need some
preliminaries to handle that ase.
We start by letting Q4,4,4 be the lattie assoiated to the graph T4,4,4 (i.e., with basis the
verties of it with salar squares −2 and salar produt 1 or 0 depending on whether the verties
are onneted or not). The rest of our denitions will use the following diagram.
❛
0
q
1
❛
1
q
2
❛1
q1
❛0
❛
1
q
1
❛
0
We let C4,4,4 be the element ofM given by the vertex multipliities speied by the diagram and
let Q′4,4,4 be the super-lattie of Q4,4,4(2) (the lattie obtained from Q4,4,4 by saling the salar
produt by 2) spanned by Q4,4,4(2) and 1/2 times every hollow vertex. Thus Q
′
4,4,4 has a basis in
bijetion with the verties of T4,4,4, with salar squares equal to −4 for lled verties and −1 for
hollow ones, and salar produt of distint verties the same as for Q4,4,4. Let us further dene
the super-lattie Q′′4,4,4 ⊃ Q4,4,4 to be generated by Q4,4,4 and 1/2 times the Kodaira-Néron
yles of the three E˜7's ontained in T4,4,4. Finally, we dene three elements of Q
′′
4,4,4. We let
f1 be the element whose multipliities are given by
q
− 1
2
q
0
q
1
2
q
1
q1
q1
q1
q
1
2
q
0
q
− 1
2
and let f2 and f3 be the two other elements obtained from f1 by letting an automorphism of
T4,4,4 at upon it. We shall need some terminology before the next lemma. We make the obvious
notational extension to let a Γ-onguration in a lattie be a olletion of elements in a hosen
bijetion with the verties of the graph Γ of the lattie all of whose salar squares are −2 and
with salar produts of distint produts of dierent elements being 1 or 0 aording to as the
orresponding verties are onneted or not. We note that e := f1 + f2 + f3 is the Kodaira-
Néron yle for the E˜6-subonguration of T4,4,4. We shall also all the tautologial T4,4,4-
onguration of Q4,4,4 (and hene of Q
′′
4,4,4) the standard T4,4,4-onguration and we shall use
the same terminology for subgraphs of T4,4,4 and we shall, as for the standard T4,4,4-onguration
of urves on a surfae of type T3,3,3, denote it T . Note that we shall distinguish between for
instane the standard T3,3,4-onguration and the standard T3,4,3-onguration, the rst being
obtained by removing the degree 1-verties of the rst and seond arms and the seond by
removing those of the rst and third arms. Here the arms are numbered so that the up-wards
arm is the rst, the leftwards arm the seond, and the rightwards the third. A T3,3,4-, T3,4,4-, or
T4,4,4-onguration that extends the standard T3,3,3-onguration will be said to be realisable if
all verties of odd distane to the degree 3 vertex beome divisible by 2 in Q′4,4,4 (by onstrution
those of distane 1 are already so divisible, thus it is only a ondition on those of distane 3).
We need some further notation onerning the standard T4,4,4-onguration T . For i = 1, 2, 3
we let vi be the degree 1 vertex of T that appears with multipliity 1 in fi and we let ei
the Kodaira-Néron yle of the E˜7-subonguration of the T that does not ontain vi. We
now get a new realisable onguration T by replaing vi by ei − vi. It is easily veried that
ei − vi = vi + 2(fj + fk), where {1, 2, 3} = {i, j, k}, whih shows that this new onguration is
indeed realisable. Furthermore, it also shows that the lattie spanned by the verties of T and
1/2 times the Kodaira-Néron yles, e′i, of the E˜7-subongurations of T is ontained in Q
′′
4,4,4
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(as e′i = ei and e
′
m = em + 2(fj + fk) for m = j, k) and hene omparing disriminants is equal
to it. This means that there is a unique isometry, σi, of Q
′′
4,4,4 that takes the T to T . We let Γ
be the group generated by the σi. For a (proper) subset S of {1, 2, 3} we let ΓS be the subgroup
generated by the σs, s ∈ S. A simple alulation then shows that σi(fi) = 2e− fi, σi(fj) = −fk,
and σi(fk) = −fj, where {1, 2, 3} = {i, j, k}. Given a realisable T4,4,4-onguration T in Q′′4,4,4
and a degree 1 vertex v of it we dene a new realisable T4,4,4-onguration obtained from the given
one by replaing v with e′ − v, where e′ is the Kodaira-Néron yle of the E˜6-subonguration
of T that does not ontain v. We shall all this new onguration the ip of T with respet to
v (or the ip in the i'th arm if v is the end-vertex of the i'th arm).
Lemma 4.2 Let T1, T2, . . . , Tn be a sequene of realisable T4,4,4-ongurations suh that Tk+1
is a ip of Tk in the ik'th arm. Then Tn = σT1, where σ = σi1σi2 · · ·σin .
Proof: We prove the result by indution on n and hene we may assume that Tn−1 = τT1,
where τ = σi1σi2 · · ·σin−1 . From this it follows that ipping Tn−1 in the in'th arm is obtained
by applying τσinτ
−1
to it, so that Tn = τσinτ
−1Tn−1 = τσinT .
Given a realisable T4,4,4-onguration T
′
we may dene vetors v′i, f
′
i , et by the same formu-
las as for the standard T4,4,4-onguration T (in fat, as we shall see, there is a unique isometry
of Q′′4,4,4 taking T to T
′
and then the vetors orresponding to T ′ are obtained by applying the
isometry to the orresponding elements for T ). We shall all the vetors e ± fi, i = 1, 2, 3, the
andidate vetors and any one of the subsets {e ± 1} or {e − f1, e − f2, e − f3} will be alled a
andidate olletion. We shall say that T ′ is 1-realisable for the i'th arm if {e′ ± f ′i} = {e± f1}.
If T ′ is 1-realisable for some i we shall simply say that T ′ is 1-realisable. Similarly, if v is a vetor
that has intersetion 0 with all the elements of the standard T3,3,3-onguration exept for the
end-vertex of the i'th arm with whih it has intersetion 1 and furthermore it has intersetion 0
with one of e±f1 (and then intersetion 2 with the other), then we shall say that v is 1-realisable
for the i'th arm. Similarly, we shall say that v is 2-realisable for the i'th arm if it has intersetion
2 with exatly one of {e− f1, e− f2, e− f3} and intersetion 0 with the rest.
Lemma 4.3 i) Q′4,4,4 is maximal among integral latties (i.e., a nitely generated subgroup
with integer-valued salar produt) in Q′4,4,4
⊗
Q with the property that x2 ≡ C4,4,4 · x mod 2
for all elements x in the lattie.
ii) Q′′4,4,4 is a unimodular integral lattie.
iii) The fi span the orthogonal omplement of the standard T3,3,3 = E˜6-onguration and
their sum equals the Kodaira-Néron yle of it. Furthermore, f2i = −2 and fi · fj = 1 for i 6= j
and their lasses modulo 2Q′4,4,4 are linearly independent modulo 2.
iv) The andidate vetors are preisely the vetors that are orthogonal to the standard
T3,3,3-onguration, have salar produt 0 or 2 with the vi and have salar square −2.
v) The set of extensions of the standard T3,3,3-onguration T to a T3,3,4-onguration (in
Q′′4,4,4) forms a torsor under T
⊥/ZE, where E is the Kodaira-Néron yle of the standard T3,3,3-
onguration: Given a vetor v that together with T forms a T3,3,4-onguration and F ∈ T⊥/ZE
we assoiate the vetor v+f−f2/2E, where f is the unique vetor in T⊥ that is orthogonal also
to v and is ongruent to F modulo E. Then T and v + f − f2/2E form a T3,3,4-onguration.
It is realisable preisely when F is divisible by 2 in T⊥/ZE.
vi) The group Γ ats simply transitively on the set of realisable T4,4,4-ongurations. The
group Γ{1,2} ats simply transitively on the set of extensions of the standard T3,3,4-onguration
to a realisable T4,4,4-onguration (and similarly for the other 2-element subsets of {1, 2, 3}) and
the group Γ{1} ats simply transitively on the set of extensions of the standard T3,4,4-onguration
to a realisable T4,4,4-onguration (and similarly for the other 1-element subsets of {1, 2, 3}).
vii) Any realisable T4,4,4-onguration an be obtained from any other by a sequene of ips.
viii) Let T be a realisable T4,4,4-onguration whih is 1-realisable in the i'th arm. The ip
in the i'th arm is itself not 1-realisable while the other two ips are. When ipped in any arm
but the i'th the result is 1-realisable in the non-ipped arm whih is not 1-realisable in T .
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ix) Any element that is 1-realisable for the i'th arm urve may be obtained from the end-
vertex of the i'th arm of the standard T4,4,4-onguration by 1-realisable ips. In partiular, the
T3,3,4-, T3,4,3-, or T4,3,3-onguration formed by the element and the standard T3,3,3-onguration
an be extended to a 1-realisable T4,4,4-onguration.
x) Any two 1-realisable T4,4,4-ongurations an be onneted by a sequene of 1-realisable
ips.
xi) Any element that is 2-realisable is part of the standard T4,4,4-onguration.
Proof: We start by splitting o a number of Z(−1)-fators from Q′4,4,4. We an to begin with
take the orthogonal omplement to all the basis vetors of salar square −1. This orthogonal
omplement has the desription one would expet if we were dealing with the dual graph of
a onguration of urves. Hene the orthogonal omplement is given by the graph D4 with
the square of a non-entral vertex being −2 and of the entral vertex −1. Furthermore, C4,4,4
projets onto the element in whih the entral vertex appears with multipliity 2 and the others
with multipliity 1. We an then onsider the orthogonal omplement of the entral vertex whih
is desribed by a onguration of type A˜∗2 with the dierene that the salar squares of the three
basis elements are −1 instead of −2. This time C4,4,4 projets to the element for whih the basis
elements all appear with multipliity 1. Finally, we onsider the orthogonal omplement of one of
the basis elements. That omplement will then have two basis elements u and v with u2 = v2 = 0
and u·v = 2, i.e., of the formH(2), whereH is the hyperboli plane. Furthermore, the projetion
of C4,4,4 is u + v. The onlusion is that we have an isometry Q
′
4,4,4
∼= Z(−1)8 ⊥ H(2) with
C4,4,4 projeting onto u + v in the last fator. Any integral super-lattie is ontained in the
lattie dual to Q′4,4,4 whih by what has just been proven is spanned by Q
′
4,4,4, u/2, and v/2.
As u/2 · v/2 = 1/2 any proper super-lattie is spanned by Q′4,4,4 and u/2, v/2, or (u + v)/2.
However, if x is u/2, v/2, or (u+ v)/2 then x2 +C4,4,4 · x is 1, 1, and 3 respetively whih in no
ase is 0 modulo 2.
As for the seond part it is easy to show that Q′′4,4,4 is integral and that Q4,4,4 is of index 4
in it so that its disriminant is that of Q4,4,4 divided by 4
2
. On the other hand, the disriminant
of Q4,4,4 is −16 as an be seen for instane from the rst part, as we there, impliitly, ompute
the disriminant of Q4,4,4(2) as −212 · 22 being of index 26 in a lattie of disriminant −22.
As for iii) and iv) they are simple omputations.
Turning to v), as v ·E = 1 we an write any vetor in the form v + f +mE, where v · f = 0.
The ondition that this vetor together with T form a T3,3,4-onguration is equivalent to f
being orthogonal to T and −2 = (v + f +mE)2 = −2 + f2 + 2m, i.e., m = −f2/2. Now the
extension is realisable preisely when v+ f − f2/2E is divisible by 2 in Q′4,4,4 but as v already is
this is equivalent to f − f2/2E being divisible by 2 in Q′4,4,4 but by iii) this in turn is equivalent
to f − f2/2E being divisible by 2 in T⊥ whih is also equivalent to F being divisible by 2.
To prove vi) we start by proving that Γ ats transitively on the set of extension of the
standard T3,3,3-onguration to a realisable T4,3,3-onguration. An element providing suh an
extension an, aording to v), be written as v = v1 + 2f − 2f2e with v1 · f = 0 and it is
determined by f modulo Ze. Hene it is enough to show that we may nd γ ∈ Γ suh that
Iγ := γv1− v1 ≡ v− v1 mod Ze as elements of T⊥/Ze. Let us start by noting that Iγ fullls the
oyle ondition Iγσ = Iγ+γIσ. As Γ xes T , it also xes w and indues an ation on T
⊥/Ze and
let Γ′′ be its image. Furthermore, put Γ′ := Γ{2,3}. Under the ation of Γ on T
⊥/Ze σi indues
the reetion in the −2-element that is the residue of fi and as f1 + f2 + f3 = e ≡ 0 mod Ze
it is lear that the natural map from Γ′ to Γ′′ is surjetive. Also as σ2 and σ3 x v1 we have
that Iγ = 0 for γ ∈ Γ′′. Now by the surjetivity of Γ′ → Γ′′, given γ ∈ Γ there is a σ ∈ Γ′ suh
that γ′ := γσ−1 maps to the identity in Γ′′. This gives Iγ = Iγ′σ = Iγ′ + γ
′Iσ = Iγ′ and for
another γ1 ∈ Γ we get Iγ + Iγ1 = Iγ′ + γ′Iγ1 = Iγ′γ1 so that the set S := {Iγ | γ ∈ Γ} is losed
under sums. Similarly, we get −Iγ = Iγ′−1 so that is a subgroup. Finally, with σ ∈ Γ′ we have
σIγ = Iσ + σIγ = Iσγ so that S is stable under the ation of Γ
′′
. However, Iσ1 = −f1 and that
element generates T⊥/Ze as a Γ′-module so that S is indeed equal to T⊥/Ze.
Hene, to onjugate a given realisable T4,4,4-onguration to the standard one, T , by an
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element of Γ we may assume that the rst degree 1 vertex is equal to v1. The seond degree 2
vertex is then, by v), of the form v2+2f−2f2e with v2 ·f = 0. The ondition that it together with
T and v1 form a T4,4,3-onguration is then that 0 = v1 ·(v2+2f−2f2e) = 2(v1 ·f−f2), i.e., f2 =
v1 ·f . By iii) f is ab integral linear ombination of the fi and the ondition that it be orthogonal
to v2 means that it is a linear ombination of g1 := f1 + f2 and g2 := f2 + f3. These two vetors
furthermore form a root basis for A2. We an represent v1 · f as u · f where u = −2/3(g1 + 2g2)
and then, by the Cauhy-Shwartz inequality, −f2 = |u · f | ≤
√
−f2√−u2 = 2
√
2/3
√
−f2, i.e.,
−f2 ≤ 8/3. Writing f = xg1 + yg2 this in turn gives x2, y2 ≤ 32/9 < 4 and hene |x|, |y| ≤ 1.
Going through these possibilities leave us with the solutions (x, y) = (−1,−1), (−0, 1), (0, 0).
Now, Γ{2,3} xes v1 and hene permutes these solutions. On the other hand elements of order
3 of Γ{2,3} xes only the origin of T
⊥/Ze and hene eah orbit on the solutions has length at
least 3 and hene the ation is transitive. Hene, we may further assume that the realisable
T4,4,4-onguration to be onjugated to T has its seond degree 1 vertex equal to v2. The third
suh vertex has the form v3 + 2f − 2f2e, the onditions now being that v3 · f = 0 and v2f = f2
and v1 · f = f2. The two last give v1 · f = v2 · f whih together with v3 · f = 0 gives that
f is a multiple of g3 := f1 + f − 2 + 2f3 and writing it as xg3 makes the remaining ondition
v1 · f = f2 equivalent to −2x2 = 2x, i.e., x = 0,−1 and hene there are two solutions. As
before Γ{3} ats transitively on these solutions. This shows that Γ ats transitively on the set of
realisable T4,4,4-ongurations. As the vetors of T span a lattie of full rank only the identity
transformation an x it. The rest of vi) has atually been proved in the ourse of the argument.
Turning to vii) we know by vi) that for any two realisable T4,4,4-ongurations T and T
′
that
there is a γ ∈ Γ suh that T ′ = γT and we shall show that T ′ an be obtained by a suession
of ips by indution on the length of γ (with respet to the generators σi, i = 1, 2, 3). Hene we
may write γ as σσi and assume that σT an be obtained from T by a suession of ips. Now,
σσi = σσiσ
−1σ and σσiσ
−1
takes σT to one of its ips.
As for viii), that T is 1-realisable for the i'th arm means that f ′i = ±f1 (where the f ′j are the
f 's orresponding to T ). Now, a ip in the i'th arm will take f ′i to 2e− f ′i and hene e′ ± f ′i is
taken to 3e′ − f ′i resp. −e′ + f ′i neither of whih equals e± f1. Similarly e± f ′j j 6= i is mapped
to e ∓ f ′k, where {1, 2, 3} = {i, j, k} and they an never equal e ± f1. This proves that the ip
an not be 1-realisable. On the other hand, a ip in the j'th arm, i 6= j, takes e± f ′k to e ∓ f ′i ,
where {1, 2, 3} = {i, j, k} and hene the ip is 1-realisable.
Turning to ix), one noted that t2 maps vi to vi+2(f2− f3) mod Ze and xes the fi modulo
Ze the following table for the ation of the relevant elements on the vi is easily established. Note
that we display the ation on the vi modulo e and with vi subtrated.
t2n t2n+1 t2nσ3
v1 2n(f2 − f3) 2n(f2 − f3) + 2f2 2n(f2 − f3)
v2 2n(f2 − f3) 2n(f2 − f3)− 2f3 2n(f2 − f3)
v3 2n(f2 − f3) 2n(f2 − f3)− 2f3 2n(f2 − f3)− 2f3
t2n+1σ3 t
2nσ3σ1 t
2n+1σ3σ1
v1 2n(f2 − f3) + 2f2 2n(f2 − f3) + 2f2 2(n+ 1)(f2 − f3)
v2 2n(f2 − f3)− 2f3 2n(f2 − f3) 2n(f2 − f3)− 2f3
v3 2(n+ 1)(f2 − f3) 2n(f2 − f3)− 2f3 2(n+ 1)(f2 − f3)
(4.4)
Now onsider an element v of Q′′4,4,4 that extends the anonial T3,3,3-onguration to a T4,3,3-,
T4,3,3-, or T4,3,3-onguration, in whih ase we shall say that v extends the rst, seond, or third
arm respetively. We shall further assume and also has intersetion number 2 with one of e± f1
(and then intersetion number zero with the other). We want to show that v an be obtained
from
By ) we an write v as vi + 2(f − f2e) with vi · f = 0. Assume rst that i = 1. Then the
intersetion with e± f1 equals 1∓ 1± 2f · f1. If v · (e+ f1) = 0 this gives f · f1 = 0. This implies
that f ≡ n(f2− f3) mod Ze and thus that v, aording to (4.4), an be obtained from v1 by (an
even number of full round) iterated 1-realisable ips. If instead v · (e− f1) = 0 we get f ·f1 = −1
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and as a onsequene that f ≡ n(f2 − f3) + f2 mod Ze so that again it an be obtained from v1
by (an odd number of full round) iterated 1-realisable ips. (Alternatively, we ould replae the
standard T4,4,4-onguration by one full round of 1-realisable ips whih interhanges the e±f1.)
The ase of i = 2, 3 is similar. As 1-realisable ips preserve 1-realisability the last statement of
ix) is lear.
To show x) it follows from viii) that we may ip a given 1-realisable onguration so that the
result is 1-realisable in the rst arm. Now, we have, again from viii), that starting with a ip
in the arm to the right resp. left of the 1-realisable arm we may ontinue ipping by ipping in
arms suessively in lokwise resp. ounter-lokwise fashion keeping 1-realisability. Making a
full irle will lead to a onguration whih again is 1-realisable in the rst arm and the resulting
onguration will, by Lemma 4.2 be t := σ3σ1σ2 resp. t
−1 = σ2σ1σ3 applied to the original
onguration. Now, t ats on v1, f1, f2, and f3 by taking them to v1+2e+2f2, −f1, 4e−f3, and
−2e− f2 respetively. Now, the end-vertex, v′1, of the rst arm of the given T4,4,4-onguration
is by denition of the form v1 + 2f , where f ∈ T⊥, T being the standard T3,3,3-onguration.
Furthermore, it follows from v) that f is determined by its residue modulo Ze. Doing one full
round of ips lokwise hanges f to t(f) + f2 modulo Ze and similarly for ounter-lokwise
rounds. From this it is easy that by iterating a suitable number of full rounds we may redue
to the ase when f ≡ af2 mod Ze. We then get that v′1 = v1 + 2(af2 − (2a2 − a)e) and by v)
that v′i = vi + 2(hi − h2i e) with vi · hi = 0 for i = 2, 3. The ondition that the onguration be
1-realisable in the rst arm then means that 2v′1−v′2−v′3 = 2v1−v2−v3. That they give a T4,4,4-
onguration give the further onditions v′i · v′j = 0 for i 6= j. These onditions translate into
a number of linear and quadrati equations and it is easily established that they only have two
solutions; v′i = vi for i = 1, 2, 3 resp. v
′
1 = v1, v
′
2 = v2 − 2/3(f2− f3), and v′3 = v3 +2/3(f2− f3).
As the latter does not give solutions in the lattie Q′′4,4,4 we only have one allowable solution
whih proves the result.
Finally, to show xi) we note that if v is the end-vertex of the i'th arm of the standard T4,4,4-
onguration, then v − C is orthogonal to all the elements of the standard T3,3,3-onguration
and hene is, by iii), a linear ombination of the fi. On the other hand, by assumption and as
(v − C) · e = 0, we have that v − C is twie the dierene of two harateristi funtions for
elements of the A˜2 root basis {f1, f2, f3}. By [GrLie4-6, Planhe I℄ this is possible only if v −C
is a multiple of e, i.e., v = C + ne and taking squares gives −2 = −2 + 2n and that v = C.
We now use this lemma to determine the Piard groups of an exeptional Enriques surfae of
type T3,3,3 and the normalisation of its anonial over as well as desribe the speial 2-setions
of its ellipti bration. If X is an Enriques surfae then we shall say that an element of Num(X)
is eetive if it is the image of an eetive divisor. If v ∈ Num(X) has square −2 we shall say
that it is given by a −2-urve if it is the image of an irreduible urve of self-intersetion −2 (in
whih ase the urve is uniquely determined). We start by notiing that an exeptional Enriques
surfae of type T3,3,3 has MW-rank (in the sense given in the introdution) 9− n when the rank
of the subgroup of Num(X) generated by the omponents of the bres of the ellipti bration of
X is equal to n.
Proposition 4.5 Let X be an exeptional Enriques surfae of type T3,3,3 and let X˜ → X be
the normalisation of its anonial double over.
i) Any extension of the anonial T3,3,3-onguration to a T4,4,4-onguration of urves is
realisable as a onguration of elements of Num(X). In partiular, Num(X) is identied, using
the standard T4,4,4-onguration of urves, with Q
′′
4,4,4 and the Piard group of X˜ is identied
with Q′4,4,4 in suh a way that Q
′′
4,4,4(2) ⊂ Q4,4,4 is identied with the image of Num(X) under
the pullbak map.
ii) A −2-urve on X is either a omponent of the ellipti bration on X or a speial 2-setion
of it.
iii) Let v be an element of Num(X) that extends the anonial T3,3,3-onguration to a T3,3,4-
onguration. If it is given by a −2-urve, its pullbak to Pic(X˜) is divisible by 2. Conversely,
if this pullbak is divisible by 2, v is eetive and an eetive divisor of lass v is of the form
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H + V1 + V2, where H is a 2-setion of the ellipti bration, V1 is a (positive) multiple of the
Kodaira-Néron yle of the E˜6-bre of the ellipti bration and V2 is a sum of omponents of
other bres.
iv) The set of lasses in Num(X) of extraneous omponents is either empty (when the
MW-rank is 2) or, after possibly renumbering the arms of the anonial T3,3,3-onguration, a
andidate olletion. It equals {e± f1} if the MW-rank is 1 and {e− f1, e− f2, e− f3} if it is 0.
In partiular, when the MW-rank is < 2 then they form a single simple bre.
v) Let v be an element of Num(X) that extends the anonial T3,3,3-onguration to a T3,3,4-
onguration. If it is given by a −2-urve then it intersets exatly one extraneous omponent if
suh omponents exist (and then with intersetion number 2). Conversely, if v has intersetion
number 2 with one extraneous omponent (if extraneous omponents exist) and intersetion
number 0 with all the others then it is given by a −2-urve.
Proof: That Num(X) ontainsQ4,4,4 is obvious and it then follows from Lemma 4.1 that it also
ontains Q′′4,4,4. By (4.3:ii) Q
′′
4,4,4 is unimodular and hene must equal Num(X). Furthermore,
X˜ is a normal rational surfae so its Piard group is torsion free and the pullbak map gives
an injetion Q′′4,4,4(2) ⊂ Pic(X˜). If C is a −2-urve on X of self-intersetion type −1 then
as, by Lemma 0.8, its s-invariant is 1, the pullbak of it to X˜ is twie a Weil divisor but
as its r-invariant is 0 the pullbak lies in the smooth part of X˜ and is hene twie a Cartier
divisor. Now, the elements of the T4,4,4-onguration the half of whih are adjoined to form
Q′4,4,4 are all represented by suh urves C (as the ondutrix is as given by Lemma 4.1) and
hene Q′4,4,4 ⊆ Pic(X˜). However, by the Riemann-Roh theorem and the fat that the pullbak
of the ondutrix is minus the anonial lass we get that x2 + C4,4,4 · x ≡ 0 mod 2 for all
x ∈ Pic(X˜). By (4.3:i) Q′4,4,4 is maximal for this property and thus we must have equality.
Turning to ii) assume that C is −2-urve that is not part of the anonial T3,3,3-onguration.
Thus it has non-negative intersetion with the ondutrix and from Lemma 0.8 we get that the
intersetion is 0 or 1. When it is 0, C is part of a bre of the ellipti bration. When it is 1
it must meet only one urve of the anonial onguration and that urve must appear with
multipliity 1 in the ondutrix. On the other hand, again by Lemma 0.8, it an not meet a
urve of self intersetion type −1 and this only leaves the possibility that it meets one of the end
urves of the anonial onguration and then with intersetion number 1. This means that it
is a 2-setion of the ellipti bration.
As for iii), if v is given by a −2-urve then that urve must also (for the same reason) have
self-intersetion type −1 and hene the image of v in Pic(X˜) must be divisible by 2. Conversely, if
the pullbak of v to Pic(X˜) is twie u′, then if u is the norm of u′ under the (at) map X˜ → X we
have 2u = 2v whih gives u = v in Num(X). Hene for the rst part of the onverse it is enough
to prove that u is eetive and for that is enough to prove that u′ is. Now, as the singularities
of X˜ are rational and X˜ is a rational surfae we have that χ(OX˜) = 1 and the Riemann-Roh
formula then gives that χ(u′) = (u′2 − k · u′)/2 + 1, where k is the anonial lass. Now, the
anonial lass is minus the pullbak of the ondutrix giving u′2 = −1 and k ·u′ = −1 and hene
χ(u′) = 1 so that either u′ or k− u′ is eetive. If k− u′ is eetive then so is its norm −2c− u.
Interseting with e, the E˜6 half-bre of the ellipti bration, gives −1 = e · (−2c− u) ≥ 0.
We may write an eetive divisor in the numerial lass of v as H + V1 + V2 with H a sum
of urves mapping nitely to the base of the ellipti bration, V1 a sum of omponents of the
E˜6-bre, and V2 a sum of omponents of other bres. We have 1 = e ·v = e ·H whih fores H to
be irreduible and a 2-setion. If wi, i = 1, 2, 3, are the three degree 1-verties of the anonial
T3,3,3-onguration C we have wi · v = δi3. If we also have wi · H = δi3 then f · V1 = 0 for all
verties of C and thus H is a multiple of e whih is what we want to prove. As f ·H ≥ 0 for all
f in C and as 1 = e · v = e ·H we get that all but one of the f ·H is zero and the exeptional
one must appear with multipliity 1 in e, i.e., be one of the wi. We are also in the position to be
allowed to assume that wi ·H is not δi3 for all i so that we may assume that wi ·H = δi2. Thus
we have that, for f in C, f · V1 is zero exept when f equals w3 or w2 and in the latter ases it
is 1 resp. −1. However, as seen from [GrLie4-6, Planhe V℄, that linear form is not represented
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by an integral linear ombination of elements of C whih gives a ontradition as V1 is suh a
ombination.
Turning to iv) the ase of MW-rank 2 is obvious so we may assume that the MW-rank is
< 2. Let C be an extraneous omponent. It is disjoint from the elements of the anonial
T3,3,3-onguration, is a −2-urve, and has by Lemma 0.8 intersetion 0 or ≥ 2 with any vi.
on the other hand they are part of a bre of the ellipti bration and vi has intersetion 1 or
2 with the Kodaira-Néron yle of suh a bre. This fores the intersetion to be ≤ 2 and
thus the we get only 0 or 2 as possibilities. Hene, by (4.3:iv) (the lass of) C is a andidate
vetor. Furthermore, any two suh C's have non-negative intersetion and it is easy to see that
a maximal set of andidate vetors whose mutual salar produts are ≥ 0 is of the form {e± fi},
i = 1, 2, 3, {e + f1, e + f2, e + f3}, or {e − f1, e − f2, e − f3}. Now the full set of omponents
C's will sum up to a positive integer multiple of e whih means the their lasses has to be equal
to one of these sets. Hene, the union of the C's is onneted and hene it sums up to e or 2e
aording to as the bre is double or simple. This shows that the set of lasses equals {e± fi}
or {e− f1, e− f2, e− f3} as the number of them plus the MW-rank equals 3 we have proven iv).
Finally, if V is a speial 2-setion of the ellipti bration then by (0.8) it intersets any
extraneous omponent with intersetion number 0 or ≥ 2 but as V is part of a bre we get
as above only the possibilities 0 or 2. However, as we have just seen in iv), the sum of all
the extraneous omponents equals a simple bre and thus there will be exatly one V with
intersetion 2. Conversely, if v is an element extending the anonial T3,3,3-onguration to a
T3,3,4-onguration and intersets the extraneous omponents with intersetion number 0 and
2 and exatly one with number 2 if there are extraneous omponents. By iii) v is numerially
equivalent to H + V1 + re, where H is a 2-setion, V1 is a non-negative sum of extraneous
omponents, where we may assume that not all of them appear as their sum is 2e, and r ≥ 0. If
V1 = 0 we have −2 = v2 = H2 + 2r whih, as H2 ≥ −2 fores r = 0 and we are nished. Thus
we may assume that V1 6= 0 and in partiular that there are extraneous omponents and hene
that the MW-rank is < 2. Now, if C is an extraneous omponent we have v ·C = H ·C +V1 ·C.
Hene, if v · C = H · C for then we have V1 · C = 0. This an not, however, be true for all C as
that would imply that V1 is a multiple of e whih we have assumed not to be the ase. Hene,
there must be a C suh that v · C = 0 and H · C = 2 whih gives V1 · C = −2.
If the MW-rank equals 1 so that there are only two extraneous omponents this determines
V1 (as not all extraneous omponents appear in V1) and we thus have V1 = C. This gives
−2 = v2 = H2 − 2 + 2r + 4 and as H2 ≥ −2 we get a ontradition.
If instead the MW-rank equals 0 then there is an extraneous omponent D for whih v ·D =
H ·D = 0 whih implies that V1 ·D = 0 and then V1 = 2C+2E, where E is the third extraneous
omponent. By assumption we have v ·E = 2 and H ·E = 0 and thus 2 = v ·E = 0+V1 ·E = 0−2,
a ontradition.
If T is a T4,4,4-onguration of urves on an Enriques surfae (whih then neessarily is
exeptional of type T3,3,3) then a ip of the orresponding onguration in Num(X) will be said
to be eetive if the ip is given by a onguration of urves. Note that we have the following
geometri eluidation: Given a T4,4,4-onguration of urves with a distinguished degree 1 vertex
v we have a quasi-ellipti bration with a bre onsisting of the E˜6-subonguration whih does
not involve v. The hosen vertex is part of another reduible bre of type A˜∗1 and that bre is
simple preisely when the ip with respet to v is eetive. The ip is then obtained by replaing
v with the other omponent of the bre in whih v lies.
Theorem 4.6 Let X be an exeptional Enriques surfae.
i) If X is of type T2,3,7 then it is E˜8-speial in the sense of [CD89, Ch. 3,4, p. 182℄; also
there is only one genus 1 bration on X . The support of the ondutrix of X is the union of the
urves of the double E˜8-bre and the urve of usps of the bration.
ii) If X is of type T2,4,5 then it is A˜1 + E˜7-speial in the sense of [CD89, Ch. 3,5, p. 186℄
(but see remark below) and there are only two or three genus 1 brations on X depending on
whether the seond reduible bre of the given bration is a double or simple bre. These other
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brations have a simple E˜8-bre and their urve of usps is the urve of the E˜7-onguration
that does not lie on the E˜8-bre. The support of the ondutrix of X is the union of the urves
of the double E˜8-bre and the urve of usps of the bration for whih it is a bre.
iii) If X is of type T3,3,3 with MW-rank 0 then its ellipti bration has a simple bre of type
A˜2 or A˜
∗
2 and it and the double E˜6 bre are the only reduible bres. It has a unique T4,4,4-
onguration (whih automatially is extended) and in partiular exatly three quasi-ellipti
brations, eah of whih has a double A˜∗1 bre (and a simple E˜7 bre).
iv) If X is of type T3,3,3 with MW-rank 1 then its ellipti bration has a simple bre of type
A˜1 or A˜
∗
1 and it and the double E˜6 are the only reduible bres. We may and will number
the arms of the standard T4,4,4-onguration suh that the two omponents of the A˜2-bre have
lasses e ± f1 in Num(X) = Q′′4,4,4. A T4,4,4-onguration of urves is then 1-realisable and a
ip in an arm of suh a onguration is 1-realisable preisely when it is eetive. Hene any
T4,4,4-onguration of urves may be obtained from the standard onguration by a sequene of
ips through T4,4,4-ongurations of urves.
v) If X is of type T3,3,3 with MW-rank 2 x a T4,4,4-onguration of urves giving an identi-
ation of Num(X) and Q′′4,4,4. Then every admissible T4,4,4-onguration of elements in Num(X)
is given by a (unique) T4,4,4-onguration of urves. Every extended T2,4,4-onguration of el-
ements that intersets the anonial T3,3,3-onguration in a T2,3,3-onguration is given by a
T2,4,4-onguration of urves (and extends to a T4,4,4-onguration of urves). Any ip of a
T4,4,4-onguration of urves is eetive and any two T4,4,4-onguration of urves are related by
a sequene of (eetive) ips. In partiular there is an innite number of quasi-ellipti brations
on X . The A˜∗1 bre of a quasi-ellipti bration is simple.
vi) If X is of type T3,3,3 then the set of T4,4,4-ongurations of urves on X is a torsor under
a group that is the trivial group when the MW-rank is 0, Z when the MW-rank is 1, and Γ when
the MW-rank is 2.
Remark: The denition of A˜1 + E˜7-speial in [CD89, Ch. 3,5, p. 186℄ is inorretly stated;
the orret denition is that the two divisors of anonial type (f. [CD89, III:1℄) should have
intersetion produt 0 and that D1 should be of type A˜1 or A˜
∗
1 (this is the ondition atually
used in subsequent proofs). We shall ontinue to use the terminology A˜1 + E˜7-speial but now
with the indiated modiation of meaning.
Proof: Assume that X is exeptional of type T2,3,7. As the E˜8-bre is double, the urve of
usps intersets the E˜8-onguration in the last vertex of the long arm by (2.2) and so the bre
together with the urve of usps form a T2,3,7-onguration. By denition this is nothing but the
onguration neessary for E˜8-speiality and then by the proof of [CD89, Prop. 3.4.1℄ there is
only one genus 1 bration on X . The support of the ondutrix an be read o from the tables
of (2.2).
Assume now that X is exeptional of type T2,4,5. As the E˜7-bre is double, the urve of usps
intersets the E˜7-onguration in the last vertex of a long arm by (2.2). Furthermore, as the
sum of the number of omponents of irreduible bres minus the number of suh omponents is
equal to 8 for a quasi-ellipti bration there is one other reduible bre whih is neessarily a
A˜∗1-bre. Depending on whether or not that bre is double or simple the intersetion number of
the urve of usps and it is 1 or 2. In any ase the urve of usps and these two reduible bres
form the onguration required for A˜1 + E˜7-speialty. The statement on the genus 1 penils
follows from the proof of [CD89, Prop. 3.5.2℄ and the support of the ondutrix an be read o
from the tables of (2.2).
Assume now that X of type T3,3,3 and of MW-rank 0. By (4.5:iv) the extraneous omponents
have lasses {e − f1, e − f2, e − f3} in Num(X) and thus form a A˜2- or A˜∗2-bre F . Consider
now a −2-urve C on X that is not in a bre of the ellipti bration. By (4.5:ii) it is then a
2-setion and hene intersets the anonial T3,3,3-onguration in some end vertex. By Lemma
0.8 C will have intersetion number 0 or ≥ 2 with eah extraneous omponent and as these
intersetion numbers add up to 2 we get exatly one with intersetion 2. Hene we may apply
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(4.3:xi) to onlude that C is part of the standard T4,4,4-onguration. In partiular there is
only one T4,4,4-onguration of urves. The rest of iii) then follows from Lemma 4.1.
Assume now that X of type T3,3,3 and of MW-rank 1. This time we get two extraneous
omponents of lasses e ± f1 giving a bre of type A˜1 or A˜∗1. Using this time (4.3:x) together
with (4.5:v) proves iv).
Assume now thatX is of type T3,3,3 with MW-rank 2. Consider a realisable T4,4,4-onguration
T ′. An end-vertex v′i is, by (4.5:v), represented by a −2-urve. This proves v).
Finally turning to vi), when X is of type T3,3,3 and of MW-rank 0, then there is a single
T4,4,4-onguration of urves whih is a torsor under the trivial group and when X has MW-
rank 2 Γ ats transitively and simply through ips on the set of T4,4,4-ongurations of urves.
For the ase of MW-rank 1 we note that we have just proved that for a given T4,4,4-onguration
of urves there are exatly two eetive ips of it and if the onguration is already the eetive
ip of a onguration then one of the eetive ips is the inverse of the performed ip. This
means that we get an ation of Z on ongurations by letting 1 at by ipping in the arm to the
left (say) of the arm in whih it is 1-realisable and −1 by ipping in the arm to the right. By v)
this is a transitive ation and it is easy to see that it is simple.
We are now prepared to desribe all the −2-urves on an exeptional Enriques surfae.
Theorem 4.7 Let X be an exeptional Enriques surfae.
i) If X is of type T2,3,7 then all -2-urves on X are part of the ondutrix.
ii) IfX is of type T2,4,5 then all -2-urves onX are either part of the ondutor or part of a bre
of the quasi-ellipti penil with half-bre the (unique) E˜7-subonguration of the ondutrix.
iii) If X is of type T3,3,3 then all -2-urves on X are either part of the bres of the ellipti
bration on X or are one of the end-verties of a T4,4,4-onguration of urves on X . In the
latter ase it is a member of at most 6 suh ongurations. Furthermore, suh a urve is obtained
from one of the end-verties of the standard T4,4,4-onguration by a sequene of eetive ips.
In partiular there are an innite number of them preisely when the MW-rank is < 2.
Proof: The rst part follows from [CD89, Prop. 2.4.4℄ ombined with the fat that the T2,3,7
root basis is rystallographi ([lo. it., Prop. 2.4.3℄).
As for the seond part we add to the ondutrix T2,4,5-onguration the omponents of the
other reduible bres of the quasi-ellipti bration with a simple E˜7-bre. This gives us one of
two possible root bases whih are given by the graphs that are at the bottom of [lo. it., p. 187℄
and at the top of [lo. it., p. 188℄ respetively and they both are rystallographi as is proven
in [lo. it., p. 188℄.
Turning to the last part, a −2-urve is either in a bre of the ellipti bration or a 2-setion
(f. (4.5:ii)). By Lemma 4.3 the urve is part of a realisable, 1-realisable, resp. 2-realisable
T4,4,4-onguration and by (4.5:v) suh a onguration is onguration of urves.
We an now nish this setion by proving Theorem C.
Proof of Theorem C: The theorem follows from Theorem 4.6 together with Lemma 4.1 in the
T3,3,3-ase to show that every quasi-ellipti bration omes from a T4,4,4-onguration of urves
exept for the identiation of Γ as a Coxeter group. However, by onstrution Γ xes the
standard T3,3,3-onguration and hene ats faithfully on the orthogonal omplement of it. It is
then easy to see that as suh it ats as the A˜2 Coxeter group (with root basis the fi − e/2).
5 Classiation of exeptional Enriques surfaes
As we have seen, the exeptional Enriques are exatly the surfaes admitting a speial genus
1 bration with a double bre of type E˜n, n = 6, 7, 8. Suh brations have been lassied
in [Sa03℄ and for the reader's onveniene we repeat that lassiation here. All of them are
presented as minimal resolutions of a double over of the ruled surfae P(OP1(2)s
⊕OP1t) and
the projetion to the base gives the genus 1 bration. We shall use x and y as homogeneous
ON EXCEPTIONAL ENRIQUES SURFACES 33
oordinates on P1 and z as the variable for the double over. We make the double over with
respet to OP(2)
⊗OP1(1) so that the double over has equation z2 + kz + ℓ = 0 with k ∈
Γ(OP(2)
⊗OP1(1)) = Γ(S2(OP1(2)s
⊕OP1t)
⊗OP1(1)) and ℓ ∈ Γ(OP(4)
⊗OP1(2)). In the ase
of Z/2-surfaes (or equivalently when the genus 1 bration has two double bres) we have the
following equations:
• E˜6: z2+(bx3y2s2+v2x2yst)z+(y4+x4)x3y3s4+(v3xy+ax2)x3y3s3t+v2x3y3s2t2+xyt4 = 0
where a and b are arbitrary onstants and v 6= 0. It is also easily veried1 that for
(a, b, v) = (1, 1, 1) it has MW-rank 2, for (a, b, v) = (1, 0, 1) it has MW-rank 1, and for
(a, b, v) = (1, ζ, 1), where ζ is a fth root of unity, it has MW-rank 0 (in the last two
ases the singularity that when resolved gives an extra reduible bre are at (x, y, s, t, z) =
(1, 1, 1, 0, 0) and (x, y, s, t, z) = (1, ζ3 + 1, 1, ζ3 + ζ2 + 1, ζ2 + ζ + 1) respetively).
• E˜7: z2 + bx3y2s2z+(y4 + x4)x3y3s4 + ax5y3s3t+ xyt4 = 0 where a is arbitrary and b 6= 0.
• E˜8: z2 + (y4 + x4)x3y3s4 + ax5y3s3t+ xyt4 = 0 where a 6= 0.
In the ase of α2-surfaes (i.e., brations with one double bre) we have the following equa-
tions:
• E˜6: z2 + (xy + bx2)x3s2z + x3y7s4 + (y3 + ax3)x5s3t + x4st3 + xyt4 = 0 with a and b
arbitrary.
• E˜7: z2 + x5s2z + x3y7s4 + ax8s3t+ xyt4 = 0 with a arbitrary.
• E˜8: z2 + x3y7s4 + x8s3t+ xyt4 = 0.
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1
A Magma le for performing these alulations is to be found as http://www.math.su.se/~teke/exenr.mg.
